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Introduction

Nonlinear Filtering Problems

@ In 1961, Kalman and Bucy first established the
finite-dimensional filter for the linear filtering model with
Gaussian initial distribution, which is highly influential in
modern industry.

@ Since then filtering theory has proved useful in science and
engineering, for example, the navigational and guidance
systems, radar tracking, sonar ranging, and satellite and
airplane orbit determination.

@ Despite its usefulness, however, the Kalman—Bucy filter is
not perfect.
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Introduction

Nonlinear Filtering Problems

@ lts main weakness is that it is restricted to the linear
dynamical system with Gaussian initial distribution.

@ Therefore there has been tremendous interest in solving
the nonlinear filtering problem which involves the
estimation of a stochastic process

x ={x;} (called the signal or state process)

that cannot be observed directly.
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Nonlinear Filtering Problems

@ Information containing x is obtained from observations of a
related process

y ={y:} (the observation process).
@ The goal of nonlinear filtering is to determine
the conditional density p(t, x) of x;

given the observation history of {ys: 0 < s < t}.
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Nonlinear Filtering Problems

@ In the late 1960s, Duncan, Mortensen, and Zakai
independently derived the Duncan—Mortensen—Zakai
(DMZ) equation for the nonlinear filtering theory, which the
conditional probability density p(t, x) has to satisfy.

@ The central problem of nonlinear filtering theory is to solve
the DMZ equation in real-time and in a memoryless way.
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Nonlinear Filtering Problems

@ In 2000, we proposed a novel algorithm to do just that'.

@ Under the assumptions that the drift terms fi(x), 1 <i <n,
and their first and second derivatives, and the observation
terms h;(x), 1 < i < m, and their first derivatives, have
linear growth, we showed that the solution obtained from
our algorithms converges to the true solution of the DMZ
equation.

i S.-T. Yau and S. S.-T. Yau. Real time solution of nonlinear filtering problem without memory |. Mathematical
Research Letters, 7:671-693, 2000.
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Nonlinear Filtering Problems

@ Although the above approach is quite successful, so far it
cannot handle the famous cubic sensor in engineering in
which

f(x)=0 and h(x) = x°.

@ It is well known that there is no finite-dimensional filter for
the cubic sensor.
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Nonlinear Filtering Problems

@ We later showed that under some mild conditions (which
essentially say that the growth of |h| is greater than the
growth of |f|), the DMZ equation admits a unique
nonnegative solution

ue Wy '((0, T) x R")

which can be approximated by solutions ug of the DMZ
equation on the ball Br with ug|sg, = 0.

@ The rate of convergence can be efficiently estimated in the
L' norm.
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Nonlinear Filtering Problems

@ The solution ug can in turn be approximated efficiently by
an algorithm depending only on solving the
time-independent Kolmogorov equation on Bg.

@ Our algorithm can solve practically all engineering
problems, including the cubic sensor problem in real-time
and in a memoryless fashion.
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Nonlinear Filtering Problems

@ Specifically we show that the solution obtained from our

algorithms converges to the solution of the DMZ equation
in the L' sense.

@ Equally important, we have a precise error estimate of this
convergence, which is important in numerical computation.
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Signal-Observation Model

The (nonlinear) filtering problem considered here is

{dx(t) = f(x(t))dt + dv(t), x(0) = xo,

dy(t) = h(x(t))dt + dw(t), y(0) (1)

where
@ x(t) € RN: state.
@ y(t) € RM: measurement.
o f: RN — RN: (nonlinear) drift term.
@ h:RN — RM: (nonlinear) observation term.
@ v(t) € RN, w(t) € RM: independent Brownian motions.
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Signal-Observation Model

= X(1) : signal / state

y(t) : observation / measurement

Estimate the state x(t) by a given history of observations

{y(r) | 7 €]0,]}, for t € (O, T].
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Duncan—Mortensen—Zakai (DMZ) Equation (1960s)

Let o(t, x) be an unnormalized conditional probability density of
x(t) given {y(7)|r € [0, t]}. The DMZ equation is given by

n
do(t,x) = Loo(t, x)dt + > Lio(t,x)dy(t), (0, x) = o,
i=1

where
1< 2 K, 0 “of 1
=y = _ A N AN
Lo 2;@92 ;:f'ax,- “ OXi 2;”

andfori=1,...,m, L;is the zero degree differential operator
of multiplication by h;.
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The Robust DMZ Equation (Davis, 1980s)

Define the new unnormalized density as

u(t,x) =exp ( Zh ) (£, x).
The robust DMZ equation? is given by
(ou

m(t x) = Lou(t, x +Zy, (t)[Lo, Li]u(t, x)

i=1

+ 5 D0 OB OLo, LI Llu(t,0),
ij=1
u(0, x) = oo,
whﬁt&L,Jjﬁthesih&L&bracket

M H. A. Davis, On a multiplicative functional transformation arising in nonlinear filtering theory, Z. Wahrsch.
Verw. Gebiete, 54:125-139, 1980.
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The Robust DMZ Equation (Yau and Yau, 2000s)

The robust DMZ equation' is reformulated as

%(t, X) = %Au(t, x) + (—f(x) + VK(t, x)) - Vu(t, x)
1 1
+ <—v f(x) — §|h(x)|2 i AK(t, x) 5

—f(x) - VK(t, x) + %\VK(t, x)|2) u(t, x),

u(0, x) = oo(x),

where K = Y"1, yi(t)hi(x), f = (f,.... )T, h=(hy,...,hm) .

i S.-T. Yau and S. S.-T. Yau. Real time solution of nonlinear filtering problem without memory |. Mathematical
Research Letters, 7:671-693, 2000.
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The Robust DMZ Equation

Theorem (Yau and Yau®)

Consider the filtering model (1). Forany T > 0, let u be a
solution of the robust DMZ equation (2) in [0, T] x RN. Assume
1
2
Let R > 1 and ugr be the solution of the following DMZ
equation on the ball Bg:
sup / u(t, x) < e‘me(cﬁ%”/ eV (0, x).
xI>R

0<t<T BN

—%|h|2— AK—f-VK+%|VK|2+\f—VK|§c1. (3)

Remark

The above theorem says that we can choose a ball large
enough to capture almost all the density.

3S.-T. Yau and S. S.-T. Yau. Real time solution of nonlinear filtering problem without memory Il. SIAM. J.

Control Optim., 47(1):163—195, 2008.
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The Robust DMZ Equation

Theorem (Yau and Yau®)

Consider the filtering model (1). For any T > 0, let u be a solution of the
robust DMZ equation (2) in [0, T] x RN. Assume (3) holds and
Q WP - 1AK—f-VK+ VKPR +12+2N + 4|f - VK| < co.

Q o V(12 4 2N + 4|f — VK]) < cs.
Let R > 1 and ugr be the solution of the robust DMZ equation (2) on the ball
Bgr with the boundary condition ug(t, x) = 0 for (t, x) € [0, T] x Bgr. Then

T
/ u(T,x)—uR(T,x)| < Mcaef%ﬂem*%”/ eV (0, x).
Bgr RN
2

C2

The above theorem says that we can approximate u by ug.

3S.-T. Yau and S. S.-T. Yau. Real time solution of nonlinear filtering problem without memory Il. SIAM. J.
Control Optim., 47(1):163—-195, 2008.
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The Kolmogorov Equation (Yau and Yau, 2008)

The density u(7x, x) can be computed by u (¢, X), where
Uk(t, X)|r,_, . Satisfies the Kolmogorov equation?

aaﬁk( X} = —Auk—f( ). Vil — <V~f+;h|2) T, 1€ [t
Uk (Tk—1,X) = exp {(¥(Tk=1) — Y (7k=2)) - h(X)} Uk—1(7k1, X),

01(0,x) = ago(x) exp {¥(0) - h(x)} ,k=2,...,N,.
Then,

U(Tk, = exp ( Zy/ Tk— 1 ) Uk(Tk,X)

3S.»T. Yau and S. S.-T. Yau. Real time solution of nonlinear filtering problem without memory Il. SIAM. J.
Control Optim., 47(1):163—-195, 2008.
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Algorithm of Yau-Yau Method for the Filtering Model

Recall the N-dimensional filtering model (1):
dx(t) = f(x(t))dt + dv(t), x(0) = xq,
{dy(t) = h(x(t))dt+ dw(t), y(0)=0.
@ A bounded domain Q is given by an N-cell, e.g., [-10, 10]".
Q@ Aninitial density u(0, s) is given by, e.g., N(xo, 0.2).
© Set 7y = 0. Once a new measurement y(7%) is observed, we update
u(ri ) < exp {y(7) = y(me-0] " h(s)} u(rk, ).

© For t € [k, 7k11), We solve the Kolmogorov on {t} x Q:

%(1‘7 s) = %Au(t, s) —f(s) - Vu(t,s) — <V - f(s) + % ||h(s)\|§> ,
u(t, o) = 0.

© The estimate of the state is computed by x(t) ~ Jq sdu(t, s).
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Finite Difference Schemes

Let {t,})t, and {s;}}*, be a uniform partition of [0, T] and [-R, R
with step size At and As, respectively. Then
1o}
52 1 1) = (agye (Ultnst, $51) = 20(trss, )+ Ultnc1, 51-1))
1—«a

(Bs)? (u(tn, sj1) — 2u(tn, 57) + u(tn, Sj—1)) + O((As)z),

_|_

ou
O (1) = g (Ultast, §10) = Ultosr, 1))

s (Ulth, 1) — Ut 1)) + O(As).
@ Explicit Euler Method: o = 0, 3 = 0.
@ Implicit Euler Method: o =1, 3 = 1.
© Quasi-Implicit Euler Method (QIEM): a = 1, 8 = 0.

© Crank-Nicolson Method: a =, 3 = 1.

Jr
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Discrete Operators

Let {t,})", and {s;}"*, be a uniform partition of [0, T] and [-R, R

i - i (N . (gt \N
with step size At and As, respectively. Then {s;}7}" = ({sj}j:1)

is a partition of [~ R, RN. The discretization of A and f - Vu are
defined by

N
Lgvl\sl) = Z (I(NS)N—d ® I—Ns (%9 I(Ns)d_1) R (4)
and N =l
. N
K =3 {diag ()" (- @ Kn, @ 1)}, (8)
d=1
respectively, where Iy, denotes the identity matrix of size Ns x Ns and
-2 1 0 1
1 1 -2 . Sk 4 |-1 0 .
Lv: = (asy | AT 2 S
L = Ns x Ns -10 Ngx Ng
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Numerical Method

QIEM for Kolmogorov Equation (Yueh, Lin, Yau, 2014)

The QIEM for Kolmogorov equation is nonnegativity preserving®*.

Denote the vector [u(t,, s,)](NS) as u". The QIEM for Kolmogorov
equation is formulated as

n+1 _ ,,n 1
u = ut _ ELg\/’\s/)unﬂ + (KIEI’SV) + Q,(V’:’)> u"

It can be solved by the linear system

At
I 7%’)} ™t = [ + (00 (K +A0)] v @)

where L ) and K ) are defined in (4) and (5), respectively, and

(Ns)N
QY = diag (—v H(s) + ||h(s,)12)

j=1

4M.-H. Yueh, W.-W. Lin and S.-T. Yau, An efficient algorithm of Yau-Yau method for solving nonlinear filtering
problems, Commun. Inf. Syst. 14(2): 111-134, 2014.
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Discrete Sine Transform (DST)

The spectral decomposition of the matrix [I(NS)N = %LS\,’:’)] in the
linear system (6) is

At N N *
{/(NS)N— L ] W Aw (W,E,s)) :

where W) = @}, Wi, and A{) = SN (g9 ® An, @ Lingyo—1)

in which
2 " ijm
Ne+1 "\ Net1/]| 1
ij=

o 2At 5 i &
=0 (1~ G (o)),

The complexity of the product of W(N) is O((Ns)N log Ns).

Ns

Wh, =

s

and
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DST for Solving the Linear System

Recall the spectral decomposition of the matrix

{/(NS)N— 5 LN ] W Aw, (W)

The matrix inverse

-1
At (N N) A —1 N *
{/(NS)N = QLR,S)} = WA (W)

@ The matrix-vector product of W( ) costs O((Ns)N log N5s).
© The product of diagonal matrix ANS costs O((Ns)V).

The complexity for solving the linear system | /iy v — %L%\:)] u=>bis

O((Ns)N log Ng).
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High-Order Scheme of Discrete Laplacian

To reduce the number of grid point Ns, we apply the high-order
difference scheme for the Laplacian operator A, defined by

N

1
Lng) ( ) (AS)Z jzzo ajU(S+ k), (7)
lk|=y/jAs
ke Qs

where s, k € RN, Qg is the cube with the center at s and the side
length 2As, the coefficients o; =22-N=/, j=1,... N, and

3 (ap ke @
j=1

k| = \ﬂAs}).
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Construction of High-Order Discrete Laplacian Matrix

Numerical Method

fork =j+1,...,N, in which the matrices Jy, and Sf{,) are defined by

0 1 Q1 Q;j
Jn, = - and S%z S )
" - " - " . " - a]

1 Ne x Ne Oz/' Ozj,1

O =

Ns x N

respectively, j =1,..., N.
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Diagram for the Recursive Construction

Ins ® 1,2 Ing ® Ing ® 1, ,N=1) In® 1,...,N
s W® g2 Wy WG g1..N-1) WS g
'S S 'S S
INs® INe® INs® INg®
S a S a
2 Ins® 23 Ing ® Ins® 2,...,N
gy s ged e S
'S S S
Ins ® INs ® INs®
JNS® JN5®
(N=1)  In® (N—1,N)
SNS — SNS
Ins®
(N)
SNS
(1,....,N)

Figure: Diagram for the recursive construction of ZSVASI) = S\,
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Explicit Form of High-Order Laplacian

The diagram immediately leads to an explicit form of the matrix

N—1

N
7(N) d
w-3| x| ® x|esy|
d=1 | #{i|X;=Ins }=N—d i=1
#{i|X,:JA,:/S}:d—1 Xi € {Ins Ins }

in which Iy, denotes the identity matrix of size Ns x N,
0 1 a1 Q

o A S%): Q; 01 7
. . 1 -

1 0 o Q) q

Ns x Ng Ns x Ns
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DST of High-Order Laplacian

The spectral decomposition of ZE\Z) is
Z%\S’) _ Wlslls\l)xsvl\:) (nglg\/))*7
(N) _ N ~(N) . : .
where Wi, = ( @44 Wh, ) and Ay, is the diagonal matrix of the form

N N—1

~(N) Z Z d
ANS = ® Xi ®e§Vs) )

d=1 | #{i|Xj=In. }=N—d i=1
#{i|X/:r,jVSS}:d—1 Xi€{Ing,Tng }

where ©f) = aghn, + (20g + aa—1) In, d =1,..., N, and Ty, = A, + 2n,,

in which N
. YN in s
oy = ClEe (1 " (asp " <2<Ns T 1))>,-:1 '
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Nonnegativity of the Linear Systems

Theorem (Yueh, Lin, and Yau®)

1 T
Both the matrices [l — 3t LM] ™ and 1w — AT are
Ns 2 —Ns Ng 2 —Ns
nonnegative operators.

The nonnegativity of the solution to the linear systems

are important, since the solution u(t, s) represents the unnormalized
probability density function of the state at time t.

5M.-H. Yueh, W.-W. Lin and S.-T. Yau, An efficient numerical method for solving high-dimensional nonlinear

filtering problems, Commun. Inf. Syst. 14(4), pp. 243-262, 2014.
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Numerical Experiments

To simulate the filtering model (1), we generate a set of signals
and observations {x, yk} -, using the explicit Euler method

Xk+1 = Xk + f(Xk)AT + VvV AT,
Ykt = Yk + h(x)AT + wV AT,

where
@ Xp, Yo = 0: a given initial state / observation.
o f:RN — RN: a given drift function.
@ h:RN — RM: a given observation function.
@ A7 = 0.005: the time step size.

@ v, w: independent Brownian motions with mean 0 and
variance 1.
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Numerical Experiments

Algorithm 1 Yau-Yau Method for Nonlinear Filtering

N
Input: Partitions of time {t,,}ﬁ’:1 and space {s,-}j(.fﬁ) ,

functions f, h, and observations {yk},’:’;.
Output: The estimate of the state x,, n=1..., N;.
1: forn=1... N;do
2:  if Anew measurement y(7x) is observed, i.e. t, = 7« for some k. then
uf o exp { (y(m) = y(me) TS}y = 1, (NG,
end if
b= [l + (A1) (K + Q)] u.

3

4

5:

6w =w{ (A (W) b))
7: :

8

9:

H n u
Normalize u" + s

The estimate of the state x, = >
end for

(Ne)V

Na.
-1 uf's;.
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Numerical Result of a 3-D Filtering Problem

The following is a numerical result of the filtering model (1) in which

3

f(x) = (cos(x))?_1_and h(x) = (06 —xF. )3 — x5, 53 — X5).

10
time

Black: Real State, Blue: Estimate
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Numerical Result of a 4-D Filtering Problem

10 12 1 6 8 1
time time

Black: Real State, Blue: Estimate
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Numerical Result of a 5-D Filtering Problem

10
time
4

state

0 12 1 6 8 10
time time

state

10
time

Black: Real State,
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Numerical Method

Numerical Result of a 6-D Cubic Filtering Problem

f(x) = (cos(X,-))?:1,
h(x) = (XeX1 X2, X1 X2 X3, X2X3X4, X3 X4 X5, X4 X5 X5, X5 X6 X1 )-

======
‘‘‘‘‘‘‘‘‘

state
state
state

"
time

state
state
state

0 12 1 6 8 1 12 5 8 1
time. time time

Black: Real State, Blue: Estimate
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Summary

We have briefly introduced the history of the Yau-Yau method for the
N-dimensional nonlinear filtering problem and the numerical
algorithm using the QIEM. The advantages of the QIEM are

@ The linear system of the QIEM is probability density preserving,
i.e. the solution of the linear system is always nonnegative.

@ The solver for QIEM is efficient with complexity O((Ns)™ log N).
@ The convergence of the QIEM is guaranteed.

@ Numerical results show the accuracy of the algorithm.
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Summary

We have briefly introduced the history of the Yau-Yau method for the
N-dimensional nonlinear filtering problem and the numerical
algorithm using the QIEM. The advantages of the QIEM are

@ The linear system of the QIEM is probability density preserving,
i.e. the solution of the linear system is always nonnegative.

@ The solver for QIEM is efficient with complexity O((Ns)™ log N).
@ The convergence of the QIEM is guaranteed.

@ Numerical results show the accuracy of the algorithm.

Thank you for your attention.
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