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Analysis of Neural Network

Jinchao Xu

This lecture series will provide some mathematical understanding of neural networks and
machine learning by studying their close relationship with classic numerical methods such as

finite element and multigrid methods. Applications will be given to image classification and
numerical partial differential equations

o Finite Element Connection and Approximation Theory
» RelU neural networks = linear finite elements

> Largest function class that a stable neural network can approximate
> Optimal approximation rates for popular neural networks

©@ Multigrid and Image Classification
> Linear separable sets and logistic regression
»> A model for feature extractions
» Image classification by multigrid method

© Neural Network and Numerical PDEs

> Error analysis of neural network for numerical PDEs
> Numerical quadrature and Rademacher complexity analysis
> Training algorithm that achieves the best asymptotic convergence rate
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@ Introduction
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A basic Al problem: classification

@ Can a machine (function) tell the difference ?

Jinchao Xu MG & Image Classification CUHK 4/65



Supervised learning < Function interpolation

@ Each image = a big vector of pixel values
> n= 1280 x 720 x 3 (widthx height x RGB channel) ~ 3M.
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Supervised learning < Function interpolation

@ Each image = a big vector of pixel values
> n= 1280 x 720 x 3 (widthx height x RGB channel) ~ 3M.
@ Want to find a function f(-,©) : R” — R3 which separates the classes

@ Mathematical formulation: Find f(-; ©) : R” — RS such that:

: 1\ e 0 . 0
f(; o) ~ (o) f(i"";} .0) ~ (1) f(; o) ~ (o)
0 1

0
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“Learning” +» Optimization
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“Learning” +» Optimization

@ Given data: {x;, i},

Image Classification: x; image, y; object class
> Speech Recognition: x; audio, y; text

> Face Recognition: x; graph with face, y; identity
>

v
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> Face Recognition: x; graph with face, y; identity
>

@ How can we find f(-, ©)?.

Jinchao Xu MG & Image Classification CUHK 6/65



“Learning” +» Optimization

@ Given data: {x;, i},
> Image Classification: x; image, y; object class
> Speech Recognition: x; audio, y; text

> Face Recognition: x; graph with face, y; identity
L

@ How can we find f(-, ©)?.
@ Mathematically: solve the optimization problem

N
min > €(f(x;, ©), %) (1)
i=1

where / is an appropriate loss function.
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@ Given data: {x;, i},
> Image Classification: x; image, y; object class
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“Learning” +» Optimization

@ Given data: {x;, i},
> Image Classification: x; image, y; object class
> Speech Recognition: x; audio, y; text
> Face Recognition: x; graph with face, y; identity
>

@ How can we find f(-, ©)?.
@ Mathematically: solve the optimization problem

N
min > _ ((f(x;, ©), ;) (1)
i=1

where ¢ is an appropriate /oss function.
@ Application (generalization): image classification:

0.7
f(;e)_<0.2) — [2]=cat
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Training and Generalization Error

@ Training Error:

> Fit the training dataset
> Evaluate error or loss
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Training and Generalization Error

@ Training Error:
> Fit the training dataset
> Evaluate error or loss
@ Generalization Error:

> Performance in the real world
> Theoretical, cannot be measured exactly
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Overfitting

@ Fit noisy function values

3.5

2.5

15} B

0.5

g

@ Training error is 0
@ Generalization Error is large

0.4

0.6 0.8
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Regularization

@ How can we prevent overfitting?
> Overfitting occurs because the model class is to large relative to the data
> Need to restrict the model class F in some way

@ Typical way of restricting the model class:
» Add a regularization term R(0) to the loss function

@ Typical regularizers:
> (2-loss: R(6) = |16]13
> ('-loss: R(9) = ||9]|1
@ In deep learning SGD acts as a regularizer!
> Deep learning model and training algorithm are tied together.
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Bounding the Generalization Error

@ Main Tool:
> Uniform law of large numbers’:

N
T3 LA, 1) — EL((X), )
i=1

P <rfr&a}( > e(N)) <1—4(N). (2)

@ |f the model class F is small, e(N), §(N) — 0 very quickly

@ Main tools for bounding this
> Rademacher Complexity
> VC dimension
> Metric Entropy (more advanced)

Tvapnik2013nature.
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Generalization Error (cont.)

@ The Rademacher complexity of a class of function F on

N
]
Rn(F) = Exy,...onEe, ... en <sup 5 Zsff(x,-)> : ®)
feFr N3

where x; are drawn uniformly at random from Q and &; are uniformly random signs.
@ Can use the Rademacher complexity to obtain a uniform law of large numbers?

@ Rademacher complexity of neural networks O(N~2 )34

2yapnik2013nature.
3ma2019barron.
“hong2021rademacher.
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9 Data classification
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Linearly separable sets: 2-class
Definition
We say A, A> C R" are linearly separable, if there exists a hyperplane
Ho = {x : wx + b =0}, (4)

suchthat wx + b > 0if x € Ay and wx + b < 0 if x € As.
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Linearly separable sets: 2-class
Definition
We say A, A> C R" are linearly separable, if there exists a hyperplane
Ho = {x : wx + b =0}, (4)

suchthat wx + b > 0if x € Ay and wx + b < 0 if x € As.

Figure: Two linearly separable sets
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Linearly separable sets: k-class
Definition (Linearly Separable)

A collection of subsets Aq, ..., Ax C R" are linearly separable if there exist

4] b1
W — : E]kan,b: e]kan7 (5)

Wi by

such that, foreach 1 < i < kandj # /, forany x € A;

wix + bj > wix + bj, or (w; — wj)x + b — b > 0. (6)
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Linearly separable sets: k-class
Definition (Linearly Separable)

A collection of subsets Aq, ..., Ax C R" are linearly separable if there exist

4] b1
W — : Ekan,b: e]kan7 (5)

Wi by
such that, foreach 1 < i < kandj # /, forany x € A;

wix + bj > wix + bj, or (w; — wj)x + b — b > 0. (6)

Special case: k = 2
(w,b) = (wq — wg, by — bp).
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Linearly separable sets: k-class
Definition (Linearly Separable)
A collection of subsets Aq, ..., Ax C R" are linearly separable if there exist

4] b1
W= ERXM p= € Rkxn
Wy bk

such that, foreach 1 < i < kandj # /, forany x € A;

wix + bj > wix + bj, or (w; — wj)x + b — b > 0.
Special case: k = 2

(w, b) = (w1 — wa, by — by).
Examples of linear separable sets
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Logistic regression

Soft-max:

soffmax(x)

Jinchao Xu MG & Image Classification CUHK 15/65



Logistic regression

Soft-max:

ex
soffmax(x) = k1 eX2 ,
2. %\ e
i=1
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Logistic regression

Soft-max:
e
1
soffmax(x) = . eX2 ,
> €%\ e
i=1

Likelyhood function

k k
P(G)ZHHPI(07X)7 0<pl(07X)<17 Zpl(oax):1
i=1

i=1 x€A;

where p(6, x) = softmax(Wx + b) and p(0, x) = (p1(8, x), - - - , Pk(6, X)).
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Logistic regression
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Logistic regression

Loss function
0x = (Wx, by)
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Logistic regression

Loss function
0x = (W, by) = arg mg!X[P(e)]
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Logistic regression

Loss function

0x = (W, by) = arg meax[P(O)] = argmin (—log P(6)), 9)
here N
—log P(0) = — Y _ y; - log(p(6, x;)) <> cross-entropy. (10)
j=1
Classification
If
Pi(0x, X)) > pm(Ox, %), VYm# i, (11)
then
Xj € Aj. (12)
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Existence

Consider:

0 = (Wy, by)
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Existence

Consider:

N
6x = (W, by) = argmin (Z oy, P9, %)) + )\FZ(G)) (13)

j=1

with [(,V, p(07 X)) =y Iog(p(G, X))
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Existence
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Existence
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N
0x = (Wy,by) = arg mgin (Z L0y, P(0, X;)) + )\F?(G)) (13)

j=1
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©@ 1\ =0, no global miminum
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Existence

Consider:
N
Ox = (Wi, by) = argmin (Z oy, p(6, X)) + /\F?(G)) (13)
j=1
with Z(yap(ev X)) =y Iog(p(@,x))

Assume that {x;}N . = UX__ A; is linearly separable,
1S j=1 i=1

o If X > 0 is sufficiently small, Wy x + b, classifies the sets correctly.
©@ 1\ =0, no global miminum

Comments:

@ —log P(0) < cross-entropy.
@ Regularization is necessary even for convex model for linearly separable sets!
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Nonlinear classification models

Definition
Given data {x; j’L = Uf‘:1 A;, if there exist a continuous nonlinear (feature) map
#(-,0) : RY — R" so that
k
{o(x, )}y = [ #(4:,0)
i=1

is linearly separable, then {x; ]’i 4 is called nonlinearly separable.
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#(-,0) : RY — R" so that
k
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Nonlinear classification models

Definition
Given data {x; j’L = Uf‘:1 A;, if there exist a continuous nonlinear (feature) map
#(-,0) : RY — R" so that

k
{o(xi, Oy = | 8(A;, 0)

i=1

is linearly separable, then {x,—}j’i1 is called nonlinearly separable.

Example: Ay C {(x,y)[x2 +y2 <1}, Az C {(x,y)Ix® +y% > 1}

B(y)=x"+y2
_
feature map
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Nonlinear classification models

Definition
Given data {x; j’L = Uf‘:1 A;, if there exist a continuous nonlinear (feature) map
#(-,0) : RY — R" so that

k
{o(xi, Oy = | 8(A;, 0)

i=1

is linearly separable, then {x; ]’i 4 is called nonlinearly separable.

Example: Ay C {(x,y)[x2 +y2 <1}, Az C {(x,y)Ix® +y% > 1}

%
X X
x x N Xy
XX |x
Xk e ¥
P N
/ Ay 2 2
!." 0 e .\” B(X.y)=x"+y
feature mep e
S X
X X X
X . 0 |
X X
X X
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Neural network classification models

Theorem

If data {xj}j’i 1 Is nonlinearly separable, then there exist a neural
network function ¢ such that {¢(x;,0)} ,’i 1 Is linearly separable.

@ J. Xu, Deep Neural Networks and Multigrid Methods, (Lecture Notes at Penn State), 2021.
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Nonlinear classification models

Popular nonlinear models for ¢(-, 6):
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Nonlinear classification models

Popular nonlinear models for ¢(-, 6):
@ Polynomials
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e Kernel functions in SVM (k(x, y) = (¢(x), #(¥)))
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@ Polynomials
e Kernel functions in SVM (k(x, y) = (¢(x), #(¥)))
© Neural Network functions
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Nonlinear classification models

Popular nonlinear models for ¢(-, 6):
@ Polynomials
e Kernel functions in SVM (k(x, y) = (¢(x), #(¥)))
© Neural Network functions

Loss function using regularized logistic regression:

N
L=ty p(0L, $(x;,0))) + A (R(0L) + An(0))
j=1
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Example: MNIST data set

(Modified National Institute of Standards and Technology database)

Handwritten digits:
@ Training set : 60,000
@ Test set: 10,000
@ Image size : 28*28*1
@ Classes: 10

7]
7]
E3
il
2
7]
7]
&7
Iﬂ

~0Sa/sq[s0[00[8q [Sa S [saloa)
coho e el ol fo hs o)

—— RN



MNIST is not linearly separable

Logistic regression

P = LR(x) = softmax(Wx + b) (14)

where, W ¢ R10%784,
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MNIST is not linearly separable

Logistic regression

P = LR(x) = softmax(Wx + b)

where, W ¢ R10%784,

Training accuracy

Test accuracy

93.44

92.50

Table: Logistic regression on MNIST.
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MNIST is not linearly separable

Logistic regression

P = LR(x) = softmax(Wx + b)

where, W ¢ R10%784,

Training accuracy

Test accuracy

93.44

92.50

Table: Logistic regression on MNIST.

Logistic regression with DNN;

P = softmax(Wao (Wi x + by) + by)

where, W, € R1000x784 "y, ¢ R10x1000 gnd 5 = ReLU.
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MNIST is not linearly separable

Logistic regression

P = LR(x) = softmax(Wx + b)

where, W ¢ R10%784,

Training accuracy | Test accuracy
93.44 92.50

Table: Logistic regression on MNIST.

Logistic regression with DNN;
P = softmax(Wao (Wi x + by) + bo)

where, W, € R1000x784 "y, ¢ R10x1000 gnd 5 = ReLU.

Training accuracy | Test accuracy
100.00 98.75

Table: LR with DNNy on MNIST.
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e Convolutional neural networks (CNN)
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Convolution: a special class of linear functions

@ k

(K x)ij = Z Z Kstkt1,trkt1,0Xits,j 1,6,

=1 s,t=—k

@ (i,j): pixel points, £: channel dimension

Z /I ~ Input )
X . - S - " Kernel
L7777 s i,\‘ - ; ) 1.
features k e v
7
W ‘/ "y e
weights w
y (?'9'45) aw + b |||+ e 4| e o+
bias ¢ @ + fz S+ e 9y n:
ew + fr + Jw + gz + gw hz  +|
input feature map a output feature map b vt B bbb
(e.g. 5 channels) (only 1 channel shown)
Jinchao Xu MG & Image Classification CUHK
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Examples: edge detection by convolution
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Examples: edge detection by convolution
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Example of feature extraction by convolution:
Laplacian of Gaussian
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Example of feature extraction by convolution:
Laplacian of Gaussian

0 -1 o0

-1 4

0 -1 0
N~ — &N/

filter

RelLU

—
©] 0| 0| =
©] 0| 0| =
S

©| 0| —=©O|—=

average
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Example of feature extraction by convolution:
Laplacian of Gaussian

0 -1 o0

-1 4

0 -1 0
NS — &N

filter

RelLU

—
©] 0| 0| =
©] 0| 0| =
S

©| 0| —=©O|—=

average
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Sub-sampling (coarsening): stride and pooling

Ta

Ts

T2

One channel of the

input feature map a

27/65
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Sub-sampling (coarsening): stride and pooling

& Single depth slice
S
10 2 3
X
4 6 6 8 6 8
y -
3 110 3 4
1.2 2 4
One channel of the —_—
input feature map a Y
@ Convolution with stride @ Pooling (max-pooling)
c k
(KxsX)ij =D > Korkit,qrk+1Xistp,js+q- r(x)i,j = max{Xi_1)s+p,(j—1)s+q : P, =1:8}.
£=1p,q=—k
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Classic CNN
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Classic CNN

Classic CNN structure
@ Initialization of inputs: g'-°
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Classic CNN

Classic CNN structure
@ Initialization of inputs: g'-°
Q Fore=1:yu
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Classic CNN

Classic CNN structure
@ Initialization of inputs: g'-°
Q Fore=1:yu
> Fori=1:y
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Classic CNN

Classic CNN structure
@ Initialization of inputs: g'-°
Q Fore=1:yu
> Fori=1:y
=0 (Oe,i b gz,i—1) (17)
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Classic CNN

Classic CNN structure
@ Initialization of inputs: g'-°
Q Fore=1:yu
> Fori=1:y
=0 (Oe,i b ge,i—1) (17)

> Restriction-Pooling
gl+1 0 Rﬁ-{-‘l *o gZ,u[ (18)

© output g

Neuron Activation Function

o = H(x)

Jinchao Xu MG & Image Classification CUHK 28/65



Classic CNN

Classic CNN structure
@ Initialization of inputs: g'-°
Q Fore=1:yu
> Fori=1:y

=0 (Oe,i b ge,i—1) 17)

> Restriction-Pooling
gitto = Rﬁ“ o glVe (18)

© output g
Neuron Activation Function
_ 1

o =H(x) o= —

146X
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Classic CNN

Classic CNN structure
@ Initialization of inputs: g'-°
Q Fore=1:yu
> Fori=1:y
=0 (Oe,i b ge,i—1)

> Restriction-Pooling
041,0 _ pe+ &,
gt =R xp gt

© output g

Neuron Activation Function

2

o =H(x) 1 o ;‘(’ReL;J(X) = rr;ax(a, X)

o= ——
1+ex

Jinchao Xu MG & Image Classification
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Two classical CNN examples: LeNet-5 & AlexNet

NPUT C1: feature maps

32a2 : S2:1. maps
6@14x14

I
| Full conrlection | Gaussian connections
Ci i luti Subsampling Full connection

Figure: First successful convolutional neural network: LeNet-5 (Y.LeCun, L.Bottou, Y.Bengio, and P.Haffner, 1998)
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Two classical CNN examples: LeNet-5 & AlexNet

NPUT C1: feature maps

32a2 : S2:1. maps
6@14x14

I
| Full conrlection | Gaussian connections
Ci i luti Subsampling Full connection

Figure: First successful convolutional neural network: LeNet-5 (Y.LeCun, L.Bottou, Y.Bengio, and P.Haffner, 1998)

Figure: The beginning of new revolution: AlexNet (A. Krizhevsky, I. Sutskever and G. Hinton, 2012)
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ResNet and Pre-act ResNet

* Classical CNN

I

Conv layer

l ReLU

Conv layer

l ReLU

[+ ResNet Block

RelU

o(x+ Fx))

+ Pre-act ResNet

Block

Rell

Conv layer
Rel
| Reto

lLU

x+ Foo(x)

Figure: From classical CNNs to ResNet and Pre-act ResNet (K. He, X.
Zhang, S. Ren and J. Sun, 2015 and 2016)
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ResNet and Pre-act ResNet
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ResNet and Pre-act ResNet
ResNet
@ Initialization of inputs: r!:0
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ResNet and Pre-act ResNet

ResNet
@ Initialization of inputs: r!:0
Q Fore=1:y

> Fori=1:y
b =g (re”” + AY x g0 BY & re”'_1) . (19)
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ResNet and Pre-act ResNet

ResNet
@ Initialization of inputs: r!:0
Q Fore=1:y

> Fori=1:y
ré,l — o (re,l—1 +A£,l * 00 BE,I * re,l—1) .

> Restriction-Pooling

P10 _ (Fn’f“ s 1OVE 4 A0 6 5 0 BEFT0 4, ,e,w) .

© output g/ .

Pre-act ResNet
@ Initialization of inputs: r'°
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ResNet and Pre-act ResNet

ResNet
@ Initialization of inputs: r!:0
Q Fore=1:y
> Fori=1:y
b =g (re”” —I—Ae’i*o‘oBe’i*re’i_1) . (19)
> Restriction-Pooling
rtt10 — 5 (Hf+1 ) rO7e 4+ A0 6 5 o B0 4, r"”@) . (20)

© output g/ .
Pre-act ResNet

@ Initialization of inputs: r'°
Q Fore=1:J
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ResNet and Pre-act ResNet

ResNet
@ Initialization of inputs: r!:0
Q Fore=1:y
> Fori=1:y
b =g (re”” —I—Ae’i*o‘oBe’i*re’i_1) . (19)
> Restriction-Pooling
rtt10 — 5 (Hf+1 ) rO7e 4+ A0 6 5 o B0 4, r"”@) . (20)

© output g/ .

Pre-act ResNet
@ Initialization of inputs: r'°
Q Fore=1:y
> Fori=1:u,
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ResNet and Pre-act ResNet

ResNet
@ Initialization of inputs: r!:0
Q Fore=1:y

> Fori=1:y
i — (re,i—1 + AY % o o BY x re,i—1) )
> Restriction-Pooling

rtt10 — 5 (Ft’f'*'1 *2 rbve 4 A0 5 5 o 10 *o r‘”’@) .
o vy
utput g<-*J.

Pre-act ResNet
@ Initialization of inputs: r'°
Q Fore=1:y
> Fori=1:u,
Pl — (i1 4 ATy g o B x (Y,
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ResNet and Pre-act ResNet

ResNet
@ Initialization of inputs: r!:0
Q Fore=1:y
> Fori=1:y
b =g (re”” +Ae’i*0'oB£’i*re’i_1) . (19)
> Restriction-Pooling
rtt10 — 5 (:‘?f'*'1 ) rO7e 4+ A0 6 5 o B0 4, r"”@) . (20)

© output g/ .

Pre-act ResNet
@ Initialization of inputs: r'°
Q Fore=1:y
> Fori=1:y
rt =t 4 A w0 BY w o (rT). (1)

> Restriction-Pooling
rl+1,0 — Rﬁ+1 *o rl,uz +AE+1,0 000 BZ+1,0 *o o_(re,uz). (22)

© output g

Jinchao Xu MG & Image Classification CUHK 31/65



Applications of CNN

CNN has been successfully used in:
@ Computer vision

» Classification, detection,
segmentation...
» Medical image processing,
» Face recognition,
@ Reinforcement learning
» AlphaGo,
» Automated driving,

@ Natural language processing

7

» Speech recognition, e -

» Machine translation, -
ALLSYSTEMS 0
° .. i '
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0 A model for feature extraction
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Images versus Features
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Images versus Features

Data space: g Feature space: u

Feature extraction "
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Images versus Features

Data space: g Feature space: u

Feature extraction ‘g'

Feature extraction
r
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Mathematical understanding of feature extraction

A linear model: given an image g, find its feature u satisfying
Axu=g (23)

with a constraint
u>o. (24)
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Axu=g (23)
with a constraint
u>o. (24)
Questions:
@ Whatis A?

Jinchao Xu MG & Image Classification CUHK 35/65



Mathematical understanding of feature extraction

A linear model: given an image g, find its feature u satisfying

Axu=g (23)

with a constraint
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Mathematical understanding of feature extraction

A linear model: given an image g, find its feature u satisfying

Avu=g (23)
with a constraint
u>0. (24)
Questions:
@ Whatis A? (to be trained ...)
©@ How to solve (23)? (iterative methods)
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lterative methods for Au = g: residual correction

Basic ideas:
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© Update v/ = u'=1 + &
A basic iterative method:
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Jinchao Xu MG & Image Classification CUHK 36/65



lterative methods for Au = g: residual correction

Basic ideas:
@ Form the residual: r = g — Auk—?
@ Solve the residual egn Ae = r approximately & = Br with B ~ A~
© Update v/ = u'=1 + &
A basic iterative method:
u=u~"+Bi(g— AuT) (25)
An example: A= D + L + U with D = DIAG(A)
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lterative methods for Au = g: residual correction

Basic ideas:

@ Form the residual: r = g — Auk—?

@ Solve the residual egn Ae = r approximately & = Br with B ~ A~

© Update v/ = u'=1 + &
A basic iterative method:

u=u~"+Bi(g— AuT) (25)

An example: A= D + L + U with D = DIAG(A)

@ B=DIAG(A)!
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@ Form the residual: r = g — Auk—?

@ Solve the residual egn Ae = r approximately & = Br with B ~ A~

© Update v/ = u'=1 + &
A basic iterative method:

u=u~"+Bi(g— AuT) (25)

An example: A= D + L + U with D = DIAG(A)
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Basic ideas:

@ Form the residual: r = g — Auk—?

@ Solve the residual egn Ae = r approximately & = Br with B ~ A~

© Update v/ = u'=1 + &
A basic iterative method:

u=u~"+Bi(g— AuT) (25)

An example: A= D + L + U with D = DIAG(A)

@ B =DIAG(A)~' (Jacobi),

@ B=TRIL(A)’
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lterative methods for Au = g: residual correction

Basic ideas:

@ Form the residual: r = g — Auk—?

@ Solve the residual egn Ae = r approximately & = Br with B ~ A~

© Update v/ = u'=1 + &
A basic iterative method:

u=u~"+Bi(g— AuT) (25)

An example: A= D + L + U with D = DIAG(A)

@ B =DIAG(A)~' (Jacobi),

@ B =TRIL(A)~' (Gauss-Seidel)
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lterative schemes for the constrained linear model
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lterative schemes for the constrained linear model

@ Recall iterative methods without constraint

U=u""4+Bx(g-Axu™")
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lterative schemes for the constrained linear model

@ Recall iterative methods without constraint

U=u""4+Bx(g-Axu™")

e Image classification [c = ReLU: dropping the negative values]
U=u""4+oxBxo(g—Axu~")

or, in terms of residual ) } .
rr=(—-AxoxB xo)r.
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Numerical Examples for Constraint Linear Models

Model CIFAR10 | CIFAR100 | # Parameters

ResNet18 93.45 74.45 11M
ResNet18-A?-B% 93.54 74.46 8.1M
pre-act ResNet18 93.75 74.33 11M
pre-act ResNet18-A¢-B*’ 93.83 74.51 8.1M
ResNet34 94.71 77.20 21M
ResNet34-A%-B% 94.84 77.24 13M
pre-act ResNet34 94.76 77.25 21M
pre-act ResNet34-A¢-B’ 94.84 77.40 13M

Table: The accuracy and number of parameters for ResNet, pre-act ResNet and their variants
of modified versions on CIFAR10 and CIFAR100.
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Comments:
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Comments:

o The simple constrained linear model seems adequate for image classifications

@ Feature extractions can be obtained using standard iterative methods
> providing a validation of constrained linear model

e Potentially more efficient models can be developed.
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@ Multigrid method: a brief introduction
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Gradient Descent Method: Au = g

@ Consider ;
Au = g <= argmin EUTAU —g’u
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@ Consider ’
Au = g <= argmin EUTAU —g’u

@ Gradient descent method:
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Gradient Descent Method: Au = g

@ Consider ’
Au = g <= argmin EUTAU —g’u

@ Gradient descent method:
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Gradient Descent Method: Au = g

@ Consider ;
Au = g <= argmin EUTAU —g’u

@ Gradient descent method:

Ukt = yk — pVE(WF) = Uk — n(AUk — g)

@ Scaled gradient descent method:

YT = U fdiag(A)] T (AU — g)
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Gradient Descent Method: Au = g

@ Consider ;
Au = g <= argmin EUTAU —g’u

@ Gradient descent method:

Ut = Uk — gV E(UF) = uf — n(AUF - g)

@ Scaled gradient descent method:

U = Uk — pldiag(A)] " (AU - g)

@ It converges for any symmetric, positive and definite Aif n < 1
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Gradient descent for a nearly singular system

Consider: (Ay +el)u =g

1 -1 0 -1 1
Ay = ( 1 2 1 ) , g= ( —1 ) € R(Ay), p= <1> € N(A).
0 -1 1 2 1
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Consider: (Ay +el)u =g

1 -1 0 -1 1
Ay = ( 1 2 1 ) , g= ( —1 ) € R(Ay), p= <1> € N(A).
0 -1 1 2 1

Note that o(Aq) = {3, 1,0}. Apply Gradient descent method with || Auk — b|| < 10~8:

€ # ofiter=m
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Gradient descent for a nearly singular system

Consider: (Ay +el)u =g

1 -1 0 -1 1
Ay = ( 1 2 1 ) , g= ( —1 ) € R(Ay), p= <1> € N(A).
0 -1 1 2 1

Note that o(Aq) = {3, 1,0}. Apply Gradient descent method with || Auk — b|| < 10~8:

€ # ofiter=m
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1 -1 0 -1 1
Ay = ( 1 2 1 ) , g= ( —1 ) € R(Ay), p= <1> € N(A).
0 -1 1 2 1

Note that o(Aq) = {3, 1,0}. Apply Gradient descent method with || Auk — b|| < 10~8:

€ # ofiter=m
1 37
101 236
102 1,918

Jinchao Xu MG & Image Classification CUHK 42/65



Gradient descent for a nearly singular system

Consider: (Ay +el)u =g

1 -1 0 -1 1
Ay = ( 1 2 1 ) , g= ( —1 ) € R(Ay), p= <1> € N(A).
0 -1 1 2 1

Note that o(Aq) = {3, 1,0}. Apply Gradient descent method with || Auk — b|| < 10~8:

€ # ofiter=m
1 37
101 236
102 1,918
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Gradient descent for a nearly singular system

Consider: (Ay +el)u =g

1 -1 0 -1 1
Ay = ( 1 2 1 ) , g= ( —1 ) € R(Ay), p= <1> € N(A).
0 -1 1 2 1

Note that o(Aq) = {3, 1,0}. Apply Gradient descent method with || Auk — b|| < 10~8:

€ # ofiter=m
1 37
101 236
102 1,918
10-3 16,115
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Gradient descent for a nearly singular system

Consider: (Ay +el)u =g

1 -1 0 -1 1
Ay = ( 1 2 1 ) , g= ( —1 ) € R(Ay), p= <1> € N(A).
0 -1 1 2 1

Note that o(Aq) = {3, 1,0}. Apply Gradient descent method with || Auk — b|| < 10~8:

€ # ofiter=m
1 37
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Consider: (Ay +el)u =g

1 -1 0 -1 1
Ay = ( 1 2 1 ) , g= ( —1 ) € R(Ay), p= <1> € N(A).
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Gradient descent for a nearly singular system

Consider: (Ay +el)u =g

1 -1 0 -1 1
Ay = ( 1 2 1 ) , g= ( —1 ) € R(Ay), p= <1> € N(A).
0 -1 1 2 1

Note that o(Aq) = {3, 1,0}. Apply Gradient descent method with || Auk — b|| < 10~8:

€ #ofiter=m
1 37
101 236
102 1,918
103 16,115
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Gradient descent for a nearly singular system

Consider: (Ay +el)u =g

1 -1 0 -1 1
Ay = ( 1 2 1 ) , g= ( —1 ) € R(Ay), p= <1> € N(A).
0 -1 1 2 1

Note that o(Aq) = {3, 1,0}. Apply Gradient descent method with || Auk — b|| < 10~8:

€ #ofiter=m
1 37
101 236
102 1,918
103 16,115
10—4 130,168
0 [singular case] 20

Iterative method usually is OK for singular system, but subtle for nearly singular system!
Ref for semi-definite case: Keller 1965
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Remedy of GD: Multilevel methods
Vi =R%, V, =span{p} C V,

@ Initialization of inputs
A=A, g1+ g, Uuj < random.
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Remedy of GD: Multilevel methods

Vi =R%, V, =span{p} C V,

@ Initialization of inputs
A=A, g1+ g, Uuj < random.

Q lterate:

@ One step of GD method on V4
t  uy + 0D (g1 — Auy).
@ Consider Aje; = ry = g4 — Aju; and “pool” it to V5 and solve it:

Axlp = Qo,
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Remedy of GD: Multilevel methods

Vi =R%, V, =span{p} C V,

@ Initialization of inputs
A=A, g1+ g, Uuj < random.

Q lterate:

@ One step of GD method on V4
U < Uy + 1D (g1 — Arty).
@ Consider Aje; = ry = g4 — Aju; and “pool” it to V5 and solve it:
Ay =Go, U =A"gp

with
A =pTAip,g2=p"r
© update uy < Uy + pus.

Jinchao Xu MG & Image Classification CUHK 43/65



Convergence behavior of the multilevel algorithm
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Convergence behavior of the multilevel algorithm

ZGDwithy = 0.7

€ original | normalized expanded
1. 37
101 236
10—2 1,918
10—3 16,115
10—* 130, 168
10—°> | > 1,000,000
10—° [ > 1,000,000
10— 10 21
0. 20
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Convergence behavior of the multilevel algorithm

| ZGD with = 0.7 |
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Convergence behavior of the multilevel algorithm

ZGDwithy = 0.7
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Convergence behavior of the multilevel algorithm

ZGDwithy = 0.7

€ original | normalized expanded
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Variational formulation for 1D Poisson equation
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Variational formulation for 1D Poisson equation

@ 1D Poisson equation on Q = (0, 1)

—u" =f, u(0)=u(1)=0.
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Variational formulation for 1D Poisson equation

@ 1D Poisson equation on Q = (0, 1)
—u" =f, u(0)=u(1)=0.

@ Variational principle:
,
—u’'—f=0 <:>/ (=u" —flvdx=0
0

for all “good” test functions v.
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Variational formulation for 1D Poisson equation

@ 1D Poisson equation on Q = (0, 1)

@ Variational principle:
,
—u’'—f=0 <:>/ (=u" —flvdx=0
0

for all “good” test functions v.
@ Function space: V = {v is piecewise smooth and continuous , v(0) = v(1) = 0}.

Jinchao Xu MG & Image Classification CUHK 45/65



Variational formulation for 1D Poisson equation

@ 1D Poisson equation on Q = (0, 1)

@ Variational principle:
,
—u’'—f=0 <:>/ (=u" —flvdx=0
0

for all “good” test functions v.

8 Function space: V = {v is piecewise smooth and continuous , v(0) = v(1) =

Integration by parts: forany v € V

1 1 1
/ —u"vdx = / u'v dx —u'v|} = / u'v' dx.
0 0 0
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Variational formulation for 1D Poisson equation

@ 1D Poisson equation on Q = (0, 1)

@ Variational principle:
,
—u’'—f=0 <:>/ (=u" —flvdx=0
0

for all “good” test functions v.
Function space: V = {v is piecewise smooth and continuous , v(0) = v(1) = 0}.
Integration by parts: forany v € V

1 1 1
/ —u"vdx = / u'v dx —u'v|} = / u'v' dx.
0 0 0

e Variational formulation: Find u € V, such that

1 1
/ u’v/dx:/ fvdx VveV.
0 0
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Galerkin method
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Galerkin method

@ Galerkin method: Find u, € Vj, such that

1 1
/ upvh dx = / fvp dx Vv, € V.
0 0
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Galerkin method

@ Galerkin method: Find u, € Vj, such that

1 1
/ upvy, dx = / fvp dx Vvp € V.
0 0

N
@ Nodal basis: (X)) = 0, up = Z Uipi(X),
i=1

X—Xj—1
—p— X € [Xi—1,X];
<Pi(X) = 7Xi+1h_x, X € [X,',X,'_H];
0 elsewhere.
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1D linear system on uniform grid
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1D linear system on uniform grid

@ stiffness matrix A; = [§ @i} dx, g; = [y fipi dx

2 -1 9(x1)
; -1 2 9(x2)
A= g=h| = [+0(r).
=i 2 1 9(XN—1)
=1 0, 2 9(xn)
or ’
E(—Ui—1 +2ui—Ui1) =g, 1<i<n
Namely
Axu=g
where
A= (-1,2,-1)/h.
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Multilevel spaces in 1D

Vi
RIEFEEL
(¢1»¢2,~~,¢7)
V2 .
—_—
, 12 3
©° = (¢2,1, $2,2, $2,3)
V3 B
—_—
={¢3,1)
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Multilevel spaces in 1D

A= 8 x tidiag(—1,2, —1) = ((¢;,¢;)) e R7X7

Vi
RIEFEEL
(¢1»¢2,-»~,¢7)
V2 .
—_—
, 12 3
©° = (¢2,1, $2,2, $2,3)
V3 B
—_—
={¢3,1)
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Multilevel spaces in 1D

A= 8 x tidiag(—1,2, —1) = ((¢;,¢;)) e R7X7

Vi Note ' '
$3,1 = 54’2,1 + d22 + 54’2,3
1 1 2345
(¢1»¢2,-»~,¢7)
V2 .
—

N
©° = (¢2,1, $2,2, $2,3)

V3Z

|

={¢3,1)
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Multilevel spaces in 1D

Vi
; 12345607
¢ = (1,02, .-, 97)
V2 .
—t
5 12 3
% = (¢2,1, $2,2, $2,3)
V3 B
I —
&% ={43,1)
Jinchao Xu

A= 8 x tidiag(—1,2, —1) = ((¢;,¢;)) e R7X7

Note y ;
$3,1 = 54’2,1 + d22 + 54’2,3

This can be written as

3 = »?R
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Vi
; 12345607
¢ = (1,02, .-, 97)
V2 .
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5 12 3
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Jinchao Xu

A= 8 x tidiag(—1,2, —1) = ((¢;,¢;)) e R7X7

Note y ;
$3,1 = 54’2,1 + d22 + 54’2,3

This can be written as

% = d2R = R xp 2
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Multilevel spaces in 1D

Vi

V2 .
—_—
, 12 3
©° = (¢2,1, $2,2, $2,3)
V3 B

|

&% ={43,1)

A= 8 x tidiag(—1,2, —1) = ((¢;,¢;)) e R7X7

Note y ;
$3,1 = 54’2,1 + d22 + 5452,3

This can be written as
% = 92R = R %, 2
Similarly

P2 =0'P
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Multilevel spaces in 1D

Vi
; 12345607
¢ = (1,02, .-, 97)
V2 .
—t
5 12 3
% = (¢2,1, $2,2, $2,3)
V3 B
I —
&% ={43,1)
Jinchao Xu

A= 8 x tidiag(—1,2, —1) = ((¢;,¢;)) e R7X7

Note y ;
$3,1 = 54’2,1 + d22 + 5452,3

This can be written as
% = 92R = R %, 2
Similarly

P2 =d'P =Ry !
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Multilevel spaces in 1D

Vi

Vz:

—

a_ 42 8
% = (92,1, $2,2; $2,3)

A= 8 x tidiag(—1,2, —1) = ((¢;,¢;)) e R7X7

Note y ;
$3,1 = §¢2,1 + d22 + 5452,3

This can be written as

% = 92R = R %, 2
Similarly

% = &'P = R+, '

where

1 0 0
. 2 0 0
Vs : 2 111 1 0
8 R=1[1], P==-]0 2 o0
% 0o 1 1
_ 0 0 2
0o o 1
@3 ={¢3.1)
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Two grid method for 1D case

Vi = span{¢1, 2, #3, P4, ¢5, b6, $7}, Vo = span{¢z 1, ¢22, 23} C V4

@ Initialization of inputs
Ai=A, 91+ 9, U < random.
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Two grid method for 1D case

Vi = span{¢1, 2, #3, P4, ¢5, b6, $7}, Vo = span{¢z 1, ¢22, 23} C V4

@ Initialization of inputs
Ai=A, 91+ 9, U < random.

Q lterate:

@ A few steps of GD method on V4
Uy <= ur + (g1 — Aruy).

@ Consider Aje; = ry = g4 — Aju; and “pool” it to V5 and solve it:

Axlp = Qo,
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Two grid method for 1D case

Vi = span{¢1, 2, #3, P4, ¢5, b6, $7}, Vo = span{¢z 1, ¢22, 23} C V4

@ Initialization of inputs
Ai=A, 91+ 9, U < random.

Q lterate:

@ A few steps of GD method on V4
Uy < Uy + (g — Ajun).

@ Consider Aje; = ry = g4 — Aju; and “pool” it to V5 and solve it:
Ay =Go, U =A"gp

with
A =PTAP, g =Pn

© update uy < vy + Puo.
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Piecewise (bi-)linear functions on multilevel grids

Images:
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@ Piecewise (bi-)linear functions
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Piecewise (bi-)linear functions on multilevel grids

Images:
@ Piecewise (bi-)linear functions

@ |Initial grid 7 with size:
m=2°+1,n=2"+1
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Piecewise (bi-)linear functions on multilevel grids

Images:
@ Piecewise (bi-)linear functions

@ |Initial grid 7 with size:
m=2°+1,n=2"+1
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Piecewise (bi-)linear functions on multilevel grids

Images:
@ Piecewise (bi-)linear functions

@ |Initial grid 7 with size:
m=2°+1,n=2"+1

piecewise linear functions on multilevel grids
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2D linear system on uniform grid

Jinchao Xu MG & Image Classification CUHK 51/65



2D linear system on uniform grid

@ Model Problem:

—Au:=—(Ux + Uy) = g, InQ,
u=00n0Q, Q=(0,1)%
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2D linear system on uniform grid

@ Model Problem:

—Au:=—(Ux + Uy) = g, InQ,
u=00n0Q, Q=(0,1)%

@ Discrete case:
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2D linear system on uniform grid

@ Model Problem:

—Au:=—(Ux + Uy) = g, InQ,
u=00n0Q, Q=(0,1)%

@ Discrete case:
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2D linear system on uniform grid

@ Model Problem:

—Au:=—(Ux + Uy) = g, InQ,
u=00n0Q, Q=(0,1)%

@ Discrete case:
> d=2:
AUjj — Ujyy,j — Ui—1,j — Ujjp1 — Ujj—1 = Gij, (26)
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2D linear system on uniform grid

@ Model Problem:

—Au:=—(Ux + Uy) = g, InQ,
u=00n0Q, Q=(0,1)%

@ Discrete case:

> d=2:
AUjj — Ujyy,j — Ui—1,j — Ujjp1 — Ujj—1 = Gij, (26)
with
o -1 0
Axu=f for A=|—-1 4 —1], (27)
0o -1 0
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Smoother and restriction in terms of convolution
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Smoother and restriction in terms of convolution

Smoother:
@ Gradient descent, say n = 1/8

Ut = Uk —p(Ax Uk —g),
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Smoother and restriction in terms of convolution

Smoother:
@ Gradient descent, say n = 1/8

U = uf —n(Ax Uk —g),
@ Apply GD method twice, we get (from 1 x 1 to 3 x 3 kernels)

Ut = UK — S« (Ax uf — g),

; (0 1 0
s=—[1 12 1]. (28)
6410 1 o

where
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Smoother and restriction in terms of convolution

Smoother:
@ Gradient descent, say n = 1/8

U = uf —n(Ax Uk —g),

@ Apply GD method twice, we get (from 1 x 1 to 3 x 3 kernels)

Ut = UK — S« (Ax uf — g),

; (0 1 0
s=—[1 12 1]. (28)
6410 1 o

Rt RMeXMe oy RMest XNest g BRI = Rup

where

Restriction (pooling)

where

S = Ry, oL, (29)

== O
= ==
O N=—=

Jinchao Xu MG & Image Classification CUHK 52/65



A multigrid method in terms of convolution
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A multigrid method in terms of convolution

@ Initialization of inputs
g1 < g, Uq < random.
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* Fori=1:u

Jinchao Xu MG & Image Classification CUHK 53/65



A multigrid method in terms of convolution

@ Initialization of inputs
g1 < g, Uq < random.
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A multigrid method in terms of convolution

@ Initialization of inputs
g1 < g, Uq < random.

@ Smoothing and restriction
» Fore=1:J
* Fori=1:y
Up < Ug—l—Sz*(gg—Ag*Ug). (30)
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A multigrid method in terms of convolution

@ Initialization of inputs
g1 < g, Uq < random.

@ Smoothing and restriction
» Fore=1:J
* Fori=1:y
Up < Ue—l—Sz*(gg—Ag*Ug). (30)

*  Form restricted residual and set initial guess:

.
Upy1,0 < 0, geyq1 = Rp*2(9e — Ag * Up), Apyq = R *p Ag x Rp %5 .
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A multigrid method in terms of convolution

@ Initialization of inputs
g1 < g, Uq < random.

@ Smoothing and restriction
» Fore=1:J
* Fori=1:y
Up < Ue—l—Sz*(gg—Ag*Ug). (30)

*  Form restricted residual and set initial guess:

.
Upi1,0 < 0, Goi1 < Rpx2 (g — Ag * Ug), Apt1 = Rp %o Ag x Rp x5 .

© Update with prolongation:
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A multigrid method in terms of convolution

@ Initialization of inputs
g1 < g, Uq < random.

@ Smoothing and restriction
» Fore=1:J
* Fori=1:y
Up < Ue—l—Sz*(gg—Ag*Ug). (30)

*  Form restricted residual and set initial guess:

.
Upi1,0 < 0, Goi1 < Rpx2 (g — Ag * Ug), Apt1 = Rp %o Ag x Rp x5 .

© Update with prolongation: For £ = J — 1 : 1

-
Ug = Up + Re #p (Ut — Upti 0)-
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A multigrid method in terms of convolution

@ Initialization of inputs
g1 < g, Uq < random.

@ Smoothing and restriction
» Fore=1:J
* Fori=1:y
Up < Ue—l—Sz*(gg—Ag*Ug). (30)

*  Form restricted residual and set initial guess:

.
Upi1,0 < 0, Goi1 < Rpx2 (g — Ag * Ug), Apt1 = Rp %o Ag x Rp x5 .

© Update with prolongation: For £ = J — 1 : 1

-
Ug = Up + Re #p (Ut — Upti 0)-
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Gauss Elimination versus Multigrid Method

G.E. on the supercomputer: Fugaku(~400 petaFLOPs)
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Gauss Elimination versus Multigrid Method

G.E. on the supercomputer: Fugaku(~400 petaFLOPs)

G. E. on Fugaku

[ n=10°

n=10"

n=108

n=10°

b

General dense matrix
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G.E. on the supercomputer: Fugaku(~400 petaFLOPs)
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Gauss Elimination versus Multigrid Method

G.E. on the supercomputer: Fugaku(~400 petaFLOPs)

[ n=10°

n=10"
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n=10°

G. E. on Fugaku Jl 0.93s

0.27 hr

11 days
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Gauss Elimination versus Multigrid Method

G.E. on the supercomputer: Fugaku(~400 petaFLOPs)

[ n=10° | n=10" [ n=10% | n=10°

G. E. on Fugaku Jl 0.93s 0.27 hr 11 days 301 Y General dense matrix
n=10% [ n=10" | n=10% | n=10°

Multigrid on 1 core J 3D Poisson equation
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Gauss Elimination versus Multigrid Method

G.E. on the supercomputer: Fugaku(~400 petaFLOPs)
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Comment and Questions
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@ Multigrid is powerful;
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@ Can the power of multigrid be transformed to CNN?
@ better structure CNN with fewer weights?
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Comment and Questions

@ Multigrid is powerful;

@ Can the power of multigrid be transformed to CNN?

@ better structure CNN with fewer weights?
@ faster training algorithms? [main original goal, making progress]
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O MgNet
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Data and feature spaces
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Data and feature spaces

Partial differential equations

—Au=g. (31)
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Data and feature spaces

Partial differential equations

—Au=g. (31)

Constrained linear model: Given an image g, find its feature u such
that

Axu=g. (32)
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Data and feature spaces

Partial differential equations

—Au=g. (31)

Constrained linear model: Given an image g, find its feature u such
that

Axu=g. (32)
Main idea:

@ Use a geometric multigrid method for PDE (31) to solve the
data-feature equation (32)!
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MgNet: a “trained” multigrid method
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MgNet: a “trained” multigrid method

o Initialization of inputs: g1 < 0%g, Uuq < random
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Q Fore=1:J
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MgNet: a “trained” multigrid method

o Initialization of inputs: g1 < 0%g, Uuq < random
Q Fore=1:J
> Fori=1:y
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MgNet: a “trained” multigrid method

o Initialization of inputs: g1 < 0%g, Uuq < random
Q Fore=1:J

> Fori=1:u,
Up <~ Up+ 00 Sp*a(ge — Ap * Up). (33)
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MgNet: a “trained” multigrid method

o Initialization of inputs: gy <+ 0*g, Uy < random
Q Fore=1:J

> Fori=1:u,
Up <~ Up+ 00 Sp*a(ge — Ap * Up). (33)

> Restriction-Pooling
u, — I |£ 1U «~ R —Apxup) +A uo
0+1,0 Y ey 9o+ ¢ *2 (gl 1) Z) g4+1 * 0+1>

© Output = feature map :
?(9) = uy-
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MgNet: From multigrid to CNN

Multigrid:
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MgNet: From multigrid to CNN

Multigrid:
@ A, Sy, Ry are all given a priori
CNN:
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@ Extra channels are introduced.

CNN versus multigrid: classic approaches versus MgNet
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MgNet: From multigrid to CNN

Multigrid:
@ A, Sy, Ry are all given a priori
CNN:
@ Almost identically same structure as multigrid!
@ A}, S), R, are all trained!
@ Activation, ReLU, is introduced (to drop-off negative pixel values).
@ Extra channels are introduced.

CNN versus multigrid: classic approaches versus MgNet

@ CNN:

Classic: Almost all the components are unrelated and need to be trained
MgNet: Most of the components are related and can be given a priori

@ Multigrid
Classic: Almost all the components are a priori given
MgNet: Some of components can be trained!
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Approximation properties of MgNet and deep CNNs
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Approximation properties of MgNet and deep CNNs

Theorem (He, Li and Xu 2021)

Assume f:Q c RY%4 — R and Q is bounded, then there exist one version of MgNet
f : RI%9 s R with multichannel and 3 x 3 kernels in smoothing, where

depth (number of smoothing): < d,

34
width (number of channels for i-th smoothing): < 2(2i —1)2, i=1:d—1, (34)
and number of channel for the last layer is N, such that
~ 18
If=fllp SN 2 262, (35)
.
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Approximation properties of MgNet and deep CNNs

Theorem (He, Li and Xu 2021)

Assume f:Q c RY%4 — R and Q is bounded, then there exist one version of MgNet
f : RI%9 s R with multichannel and 3 x 3 kernels in smoothing, where

depth (number of smoothing): < d,
width (number of channels for i-th smoothing): < 2(2i —1)2, i=1:d—1,

and number of channel for the last layer is N, such that

‘w

=

2d< |

N
w
g

I1f = Fll 2@y SN

Main properties:
@ For 2D images with channels.
@ Similar results hold for classical, ResNet and pre-act ResNet type networks.

@ Convolution (the most commonly used type): 3 by 3 kernel with multichannel for both
periodic and zero padding.

@ Achieve the same asymptotic approximation rate to DNN with one-hidden layer.
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Pre-act ResNet: a "residual” version of MgNet

Theorem (MgNet and pre-act ResNet, He and Xu 2019)

The MgNet model recovers the pre-act ResNet (K. He et al 2016) as follows

r = L A g o B x o (rBTY), i=111y, (36)
where
rl::gz_Ae*ue:
.
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MgNet versus other CNNs

\ Model | Accuracy | # Parameters |
ResNet18 95.28 11.2M
pre-act ResNet18 95.08 10.2M
MgNet[2,2,2,2],256 | 96.00 8.2M

Table: the comprison of MgNet and classical CNN on Cifar10

\ Model | Accuracy | # Parameters |
ResNet18 77.54 11.2M
pre-act ResNet18 77.29 11.2M
MgNet[2,2,2,2],256 79.94 8.3M
MgNet[2,2,2,2],512 81.35 33.1M
MgNet[2,2,2,2],1024 82.46 132.2M

Table: the comprison of MgNet and classical CNN on Cifar100

Model | Accuracy | Parameters |
ResNet18 72.12 11.2M
MgNet[2,2,2,2], [64,128,256,512] 73.36 13.0M
MgNet[3,4,6,3],[128,256,512,1024] | 78.59 71.3M

Table: The comprison of MgNet and classical CNN on ImageNet.
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A summary of MgNet

@ J. Xu, Deep Neural Networks and Multigrid Methods, (Lecture Notes at Penn State), 2021.

@ J. He, J. Xu. MgNet: A Unified Framework of Multigrid and Convolutional Neural Network.
Sci China Math, 2019, 62: 1331-1354, https://doi.org/10.1007/s11425-019-9547-2

@ J. He, Y. Chen, L. Zhang, J. Xu. Constrained Linear Data-feature Mapping for Image
Classification. ArXiv:1911.10428, 2019.

@ Y. Chen, B. Dong, J. Xu. Meta-MgNet: Meta Multigrid Networks for Solving Parameterized
Partial Differential Equations Image Classification. ArXiv:2010.14088, 2020

@ J. He, L. Li, J. Xu. Approximation Properties of Deep ReLU CNNs. ArXiv:2109.00190,
2021.
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Properties:
o A uniform framework for understanding and designing CNNs.

@ Unify and develop many classical CNN structures.
> AlexNet, ResNet, U-Net, Audo-encoder, DenseNet . ..

© Construct the new
> reduce the free parameters 1%, .1%,.01%...?
> increase the generalization accuracy,
> accelerate the training speed,

> extend to general graph models,
> ..
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> Feature extraction by iterative methods
@ MgNet
> A special CNN by making minor modification of multigrid
> More mathematical structures lead to fewer weights
@ Goals

> Slimmer CNN with higher generalization accuracy
> Fast training algorithms (under development)
» More mathematical theory for deep learning
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