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Bead-spring-chain model in a moving fluid

A polymer molecule is modelled as a linear chain of massless beads linked with

elastic springs, subjected to Brownian noise, in a moving fluid: ~~» NS—FP system.

Arbitrary point
fixed in space

u(x,t)
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This has resulted in a great deal of confusion in the mathematical literature
concerning the form of the associated Navier—Stokes—Fokker—Planck system.

In the case of Hookean springs in particular (prior to our work herein) there has
been no proof of existence of global weak solutions to the Navier-Stokes—Fokker—
Planck system in d = 3 space dimensions («— breakdown of weak compactness).

Implication: Well-posedness of the Oldroyd-B model in d = 3 space dimensions?
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Main results

@ Rigorous derivation of the Hookean bead-spring chain model from Brownian
dynamics
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Main results

@ Rigorous derivation of the Hookean bead-spring chain model from Brownian
dynamics

[3 E. siili and G. Yahiaoui.
McKean-Vlasov diffusion and the well-posedness of the Hookean bead-spring-chain model
for dilute polymeric fluid: small-mass limit and equilibration in momentum space. arXiv.

Conclusions:
o If the flow domain € is bounded, then the configuration space domain
D7 =Dx---x D, where D=Q—-Q={r—#:r7e€Q}is also bounded.
J
@ Before taking the small-mass limit, the Fokker—Planck equation, posed on
Q7L x RUHDE % [0, T] 5 (r,v,t), is mixed parabolic-hyperbolic.
@ After taking the small-mass limit, the Fokker—Planck equation, posed on
Qx D7 x[0,T) > (z,q,t), is parabolic.
= FP eq. has center-of-mass diffusion = Oldroyd-B has stress-diffusion
@ We rigorously prove an assertion, deduced by Schieber & Ottinger (1988)
using formal asymptotics, that:

passage to the small-mass limit =  equilibration in momentum space.
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Formulation of the model

Arbitrary point
fixed in space
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Formulation of the model

Arbitrary point
fixed in space

u(x.t)

roi= (r?, e rr§+1)T,
V= (v”ir’ e ,v}r+1)T,
q= Q(r) = (qirv .. 761})T7

r; €Q forj=1,...,J+1,

v; ERY forj=1,...,J+1,

4 = (1) == rip =7

forj=1,...,J.
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Formulation of the model

Arbitrary point
fixed in space

u(x.t)

r:=(ry, ,r§+1)T, r; €
V=
q= q(r) = (q 5 7QE)T7

G €D =Q-Q={r—7:

Condition:

T
Lsen-

T T \T d :
(vi,..,v301), vj €RY for j
T

Lsen

4 =qi(r)=rjp—r; forj=1....J.

r, 7 € Q},
1

T = —

CJ+1

forj=1,...,J+1,

=1,...,J+1,

forj=1,...,J;
J+1

S

j=1
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Hydrodynamic interaction: Oseen system

On Q x [0, 7], where Q is a bounded open convex C? domain in R¢, d € {2,3},

00, be L®(Qx(0,T)), V-b=0:

ou+ (b-Vu—plAu+Vr=V-K for (z,t) € Q x (0,17,
V-u=0 for (z,t) € Q x (0,7,
u(z,t) =0 for (z,t) € 92 x (0, T,
u(z,0) = up(x) for x € Q

)
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On Q x [0,T], where € is a bounded open convex C? domain in R?, d € {2,3},
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ou+ (b-Vu—plAu+Vr=V-K for (z,t) € Q x (0,77,
V-u=0 for (z,t) € Q x (0,7,
u(z,t) =0 for (z,t) € 92 x (0, T,
Q

)

u(z,0) = up(x) for x €

with the polymeric extra-stress tensor (Kramers—Kirkwood stress tensor)

J
K(z,t; 0) Z]Em (Ag; ® q;) for (x,t) € Q@ x (0,T], J > 1,
=1
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with the polymeric extra-stress tensor (Kramers—Kirkwood stress tensor)

J
K(z,t; 0) ZE“E (Ag; ® q;) for (x,t) € Q@ x (0,T], J > 1,
=1

where [E* denotes conditional expectation and g is a probability density function,
to be defined below as the solution of a Fokker—Planck equation. Let

T
u(T‘, ta Q) = (U’(Tlv t7 Q)T7 e ,U(TJ+17 t7 Q)T) .



% = Lr
~

Hookean spring force

+ (Ut o) —7) + \FW
—_——

Stokes drag force Brownian force

€2 > 0 is the mass of a bead in the chain, 8 = kT¢ > 0, where k is the Boltzmann
constant, T is the absolute temperature and ( is the drag coefficient; £ is the

following (J + 1) x

o
I
>

(J 4+ 1) block-matrix, called the Rouse matrix

-1 I o ... 0

r —-21 1 .0

o I -2 T 0 [_ RU+DAx (T +1)d
o ... r -2 1

o ... (0) I -I

where A > 0 is a constant stiffness of the Hookean springs. W.l.o.g., we set { = 1.
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The SDE may then be rewritten as the first-order system

er =w,

e0=Lr+U(rt;0) —e v+ V2B W.
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The SDE may then be rewritten as the first-order system

er =,

e0=Lr+U(rt;0) —e v+ V28 W.

Let
0 (ru,t) € QI RUIDL 5 [0, T] = o(r,v,t) € Rxg

be the probability density function of the diffusion process (r,v).

The law of (r,v) depends on g itself through the function U, and it is therefore a
McKean—-Vlasov diffusion process.



The polymeric extra stress tensor K
We define

J
E( S A @q; ) () = A (r) ® v, ) drd
(; q;®qj>() /QMXWHM(Z q;(r) ® q;(r )Q(M ) dr dv

and perform a change of variables, replacing integration over € Q7+ by
integration over (q,z) € D7 x () via the linear bijection

(¢,z) € D' xQ +— r=B(qz)ec QT |Jacobian[B(q, z)]| =

1.
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The polymeric extra stress tensor K
We define

J
E( S A @q; ) () = A (r) ® v, ) drd
(; q;®qj>() /mekmnd(z q;(r) ® q;(r )Q(M ) dr dv

and perform a change of variables, replacing integration over € Q7+ by
integration over (q,z) € D7 x () via the linear bijection

(¢,z) € D' xQ +— r=B(qz)ec QT |Jacobian[B(q, x)]| = 1.
Thus,

J J
E g ®q; ) (t) = 2\g; ®q;) o(Blg,z),v,t) dgdvdz.
(Srwe0)0m [ [, o, (5000 el3t@a) o) dadva

Then, for (z,t) €  x (0,T], the polymeric extra stress tensor is:

K(z,t; 0) =

( J ) fDlxk(J+1)d (Z;:l Aq] ®QJ) Q(B(qv x),v,t) dqd'U
Z qj ® qj =

fDJXR(J+1)d 4 (B(qa .Z'), v, t) dq dv




Fokker—Planck (FP) equation for o

&) S=i

J

3 J+1 1[I
8tg—6—2 8vj-(ng)+ﬁ83jg + = Zvj-Brjg—l—((ﬁr)j+u(rj,t))~6ng =0
-1 5

for all (r,v,t) € Q7+ x RU+DI x (0, 77,
o(r,v,0) = go(r,v) for all (r,v) € Q/+1 x RU+1d,




Fokker—Planck (FP) equation for o

=il € \j=1

g (111 1[I
Be— D0y (O +B e |+ | DoviOret+ ((Lr)j +u(rs 1) due | =0

for all (r,v,t) € Q7+ x RU+DI x (0, 77,
o(r,v,0) = go(r,v) for all (r,v) € Q/+1 x RU+1d,

Let
8Q(j)::Q><~-><Q><8§2><Q><---><Q, i=1...,J4+1,

with 9 at the j-th position in this (J 4 1)-fold Cartesian product, and

v (r) = (0",...,0", (w(r;)) ", 0", ..., 0")T e RV
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Fokker—Planck (FP) equation for o

B J+1 1 J+1

Bo- D 0 (vj0)+ B350 +o D v 00+ ((Lr)j +ulry, 1)) - v | =0
j=1 Jj=1

for all (r,v,t) € Q7+ x RU+DI x (0, 77,

o(r,v,0) = go(r,v) for all (r,v) € Q/+1 x RU+1d,

Let
8Q(j)::Qx-~-><Q><8§Z><Q><---><Q, i=1...,J4+1,

with 9 at the j-th position in this (J 4 1)-fold Cartesian product, and
v (r) = (07, ..., 07, (w(r;)T, 07, ..., 00)T e RV,
Specular boundary condition:
o(r,v,t) = o(r, v,(kj),t) for all (r,v,t) € 3N x RUTDL (0, 7], with v - 19 (r) < 0,
where

o9 = v =20 - () (),  j=1,...,J+1

10 / 29



Existence of solutions in the case when € > (

Define the Maxwellian for v € R(+1d;

J+1

M(v) == (2n8)” "% exp(—|v|*/2B)

and rescale:

Q':£ and 2 =&
. M 0 - M

11 /29



Existence of solutions in the case when € > 0

Define the Maxwellian for v € R(U+1D4d.
+1

M(v) == (278)~ "= exp(—|v|?/28)

and rescale: 0 0
0= — d 0y:= 22,
0 M an Qo M

Consider the nonnegative strictly convex function with superlinear growth:

F(s):=s(logs—1)+1, seRsg, with F(0):=1.
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Existence of solutions in the case when € > 0

Define the Maxwellian for v € R(U+1D4d.

1

M(v) == (278)~ "= exp(—|v|?/28)

and rescale:
00

0:= % and pg := e

Consider the nonnegative strictly convex function with superlinear growth:

F(s):=s(logs—1)+1, seRsg, with F(0):=1.

The initial datum g9 = go(r,v) > 0 is assumed to satisfy

00 € L} (Q+ x RUFDA, / oo(r,v)drdv =1,
QJ+1 xR(I+1)d

M]:(/Q\O) c Ll(QJ—‘rl « R(J+1)d);

i.e. g > 0 is assumed to have finite relative entropy with respect to M.

11 /29



Existence of solutions to FP, for u fixed

STEP 1. For a given u € L?(0,T; L>=(2)%) the Fokker—Planck equation has a
nonnegative weak solution that satisfies the energy inequality:

2 J+1
2
/QJ+1 /]R(J-%—l)d M(v) F(e®) dvdr + Z / /QJ+1 /]R(J+1)d M(v) |9y Vel® dvdrdr
/ / )l 4= —(J—',—l) diam(@)2 T + L1 1y
QJ+1 R(J+1)d Fleo B L2(0,T;L°°(2))
v

12 /29



Coupling to the Oseen system

STEP 2.
Iterative process: define the sequence of functions (u®), 5(¥)) for k =1,2,...

and let k — oo.
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Coupling to the Oseen system

STEP 2.
Iterative process: define the sequence of functions (u®), 5(¥)) for k =1,2,...
and let k — oo.

We set u(!) = 0. Given a divergence-free u*) € L2(0,T; W, 7 (Q)%), for some
k> 1 and o > d, we define 5(’“) as the weak solution of the FP eq.:

2

2 J+1
Matz’\(k) - /87 (Z 811]' : (Mavj §<k))>
j=1

M | =

J+1
+ (Z Muvj - 0, 8% + ((Lr); +u®) (r,1)) - 0, (ME““))) =0,
j=1

for all (r,v,t) € Q7+ x RU+DI x (0, T7,
2% (r,v,0) = go(r,v) for all (r,v) € Q7+ x R+

subject to a (weakly imposed) specular boundary condition w.r.t. r.

13 /29



STEP 3.
By STEP 1, o*) obeys the energy inequality:

/ / M (v) F(a"®(t)) dv dr
QJ+1 JRr(J+1)d
2 J+1
/ / / M(v)|8y; v/ 0% > dvdrdr
QJ+1 Jr(J+1)d :

/ / F(oo)dvdr
QJ+1 R(J+1)d

16d . J+1
+ 7 (J+1) [dlam(Q)]2 T+ T flu )HZLQ(O,T;LOO(Q))v
and the sequence u*) will be shown (in STEP 6) to satisfy:

™| L2 (0,7 Lo (02)) < C,

where C' is a positive constant, independent of k.

14 / 29



STEP 4.

Define (u*+1) 7(-+1)) with
W+ c LOO(O,T; L2(Q)d) N L2(0,T§ W&Q(Q)d)a
7+ € D'(0, T; L*(Q) /R),

as the weak solution of the Oseen system:

8D 4 (b- Vyu®H) — pAu®HD 4 VD = v KB for (z,6) € @ x (0,T),
v. o) — ¢ for (x,t) € Q x (0,77,
u" TV (2,0) = up(z)  forz € Q,

up € W= 2#*(Q), with z = d + 9, ¥ € (0,1), is divergence-free, and

IDJ xR(J+1)d(Z;']:1 )‘qj b2 qj) M §(k) (B(q7 w)7 v, t) dq dv

K® z,t) ==
(=1) Jpssmr+na M @™ (B(q,x),v,t) dgdv

15 /29



STEP 5.
Clearly,
(k) 2_.
K | Lo (0,752 00y < Ad max llall” =: C,

where C' is a positive constant, independent of k. Thus, there exists a
K € L>(0,T; L>=(Q; REX4 ) (to be identified), such that

symm

K® 5K weak* in L=(0,T; L>®(Q; R4 1) as k — oco.

Symm
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STEP 5.

Clearly,
(k) 2_.
K | Lo (0,752 00y < Ad max llall” =: C,

where C' is a positive constant, independent of k. Thus, there exists a
K € L>(0,T; L>=(Q; REX4 ) (to be identified), such that

symm

K® 5K weak* in L=(0,T; L>®(Q; R4 1) as k — oco.

sSymm
We would like to show that

K(:E t) L fDJ xR(J+1)d(Z;']:1 AQJ ® qJ) ME(B((], x),v,t) dq dv
’ . fDJX]R(J+1)dM/Q\(B(qax)avat) dqu

but this is far from trivial. [We shall return to this in STEPS 8-10.]
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STEP 6.

By maximal regularity theory for the Stokes system [Koch—Solonnikov (2001)]:
there exists a constant C' = C, > 0 s.t.

k+1)||

Ju <0 (IK®) = b & U 1o gy + ol 2.0y

1,1
Wo' 2 (Qr)
where ¢ = min(6,2) > d, 6 :=2+ 4, with z = d + ¥ for some ¥ € (0, 1),

Wat (Qr) = L7(0,Ts W 7()) N W27 (0,75 17(2)").
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STEP 6.

By maximal regularity theory for the Stokes system [Koch—Solonnikov (2001)]:
there exists a constant C' = C, > 0 s.t.

k+1)||

Ju < C (1K = b & utDl|zo ) + lluoll 2.0 )

1.1
WU)Q(QT)
where ¢ = min(6,2) > d, 6 :=2+ 4, with z = d + ¥ for some ¥ € (0, 1),

Wo* (Qr) i= L7(0, T3 Wy 7 (2)) N W2 (0,7 L7 (2)°).
As Wt (Qr) < L2(0, T; Who (Q)4) < L2(0,T; L®(9)), — by STEP 5:

).

[u® D 220,700 () < C(1+ luollyy1-2.0

17 / 29



STEP 7.
We deduce that

u® =y weakly in L2(0,T; Wy " ()%) as k — oo, o >d,
u® —u weakly in WL2(0,T; W19 (Q)?) as k — oo,
u® —u  strongly in L2(0,T;C%7(Q)?) as k — oo, 0<y<1-4% o>4d,

where the last result follows, via tthubin—Lions lemma, thanks to the compact
embedding of W, 7 ()% into CO7(Q)? for 0 <y <1— 4, 0 > d.
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STEP 7.
We deduce that

u® =y weakly in L2(0,T; Wy " ()%) as k — oo, o >d,
u® —u weakly in WL2(0,T; W19 (Q)?) as k — oo,
u® —u  strongly in L2(0,T;C%7(Q)?) as k — oo, 0<y<1-4% o>4d,

where the last result follows, via the Aubin—Lions Iemma thanks to the compact
embedding of W, 7 (Q)? into €O ()4 for 0 < v < 1 — 4 0>d

It is now straightforward to pass to the limit in the Oseen system:

dhu+ b -Vu—plu+Vr=V-K  for (z,t) € Q x (0,77,
V-u=0 for (z,t) € Q x (0,71,
u(z,t) =0 for (z,t) € 09 x (0,77,

u(z,0) = uo(x) for x € Q.

18 / 29



STEP 8.
Must identify the weak* limit K of the sequence (K(®));~¢ in terms of the limit o
of the sequence (F));>¢.

19 / 29



STEP 8.
Must identify the weak* limit K of the sequence (K(k))kzo in terms of the limit o

of the sequence (F));>¢.
We rewrite the FP equation as

o [J1 J+1
Matwc)_* Zava 00,01 ZMv] r; 8¢

J+1

”Z( £r); +u® (r;, 1)) - avj(Mam))

in D/ (71 x RU+TDE » (0, T)),

o™ (r,0,0) = 2o (r,v),

and note that the differential operator on the left-hand side is hypoelliptic, and the
right-hand side is both bounded and equi-bounded in L' (Q7+! x RUZ+14 x (0, T)).
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STEP 9.
By an argument of R. DiPerna & P.-L. Lions (1988), it follows that

0% =@ strongly in L*(0,T; L}, (271 x RU+DA)) a5 |k — oo,
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STEP 9.
By an argument of R. DiPerna & P.-L. Lions (1988), it follows that

0% =@ strongly in L*(0,T; L}, (271 x RU+DA)) a5 |k — oo,

This then (eventually, after a further technical argument,) implies that

o fDJ XR(J+1)d(Z;']:1 AQJ ® qJ) M §<k) (B(q7 CL'), v, t) dq dv

K® (z,1) :
('T’ ) fDJX]R(J+1)d M/Q\(k) (B(q7 l'),’l},t) dqu

converges to

fDJXR(J+1)d (23']:1 AQJ ® qJ) M E(B((L 17), v, t) dq dv

K(z,t) := —
( ) fDJ xR(J+1)d MQ (B(q’ $), v, t) dq dv

weakly* in L= (2 x (0,7)).



STEP 9.
By an argument of R. DiPerna & P.-L. Lions (1988), it follows that

0% =@ strongly in L*(0,T; L}, (271 x RU+DA)) a5 |k — oo,

This then (eventually, after a further technical argument,) implies that

_ Jps xR(JH)d(Zj:l Ag; ® q;) M @™ (B(g, z),v,t) dg dv

K® Jt):
('T ) fDJX]R(J+1)d M/Q\(k) (B(q7 l'),’l},t) dqu

converges to

fDJXR(J+1)d (23']:1 Aq] ® qJ) M §(B(Q7 $), v, t) dq dv

K(z,t) := —
fDJ xR(J+1)d MQ (B(q’ $), v, t) dq dv

weakly™ in L>(Q x (0,T)). Thus we have shown the existence of a weak solution
to the coupled Oseen—Fokker—Planck system with the bead-mass € > 0 fixed. [J



Small-mass limit and equilibration in momentum space

We showed, for each € > 0, the existence of u = u. and g = 0., such that
ue € C([0,T]; L7(Q)") N L2(0, T; Wy ()*) n W20, T; W=7 ()%,

with 0 = min(6,2) > d, 6 :=2+ 3 and z = d + ¥ for some 9 € (0,1), is a weak
solution to the Oseen system,
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Small-mass limit and equilibration in momentum space

We showed, for each € > 0, the existence of u = u. and g = 0., such that
ue € C([0,T]; L7 (2)*) N L2(0, T; Wy 7 ()4 nWH2(0, T; W7 () %),

with 0 = min(6,2) > d, 6 :=2+ 3 and z = d + ¥ for some 9 € (0,1), is a weak
solution to the Oseen system, and p. with

F(2:) € L®(0,T; Ly, (7 x RUFTDE R ),
Vo/0: € L2(0,T; L2,(Q7F! x RU+D4)),
V0. € L*(0,T; Ly (7! x RUHDY),
M 0,p. € L*(0,T; (W*2(Q/T x RUTV))) - 5> (J+1)d +1,

satisfies the following weak form of the Fokker—Planck equation:
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t
/O<M87-/Q\s('7'77'),<p(',~,7’)>d7’
BQ J+1 +
$a S ) g
e ; 0 Joi+1 R(J+1)dM(v)3”j"-’5'a”jﬂpd”drdT

1[I
€ ];/0 /QJJrl /I;(JH)dM(”)vas-BTijdvdrdT>

ey
T e ]z::l /0 /QJ+1 /R<J+1)d M(v) ((£r)j + ue(rj, 7)) e - Oy dv drd7—> =0

Vo e L2(0,T;Wh2 (/11 x RU+Dd 5200 J
( o xR ) NWERQIT x RUFDE)) s> (J4+1)d + 1.
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t
/0 <M8T§S(A7'7T)a(p('7'7T)>dT
52 J+L g
Y M ’U'AE' v
+ = ;/0 /QJ-H /R(J+1)d (v)ajg Oy; pdvdrdr

1[I
_ = M s o
. ]z::l/(; AJH Ag(J+1)d (v) v;0¢ aTngd’L)d'I‘dT

ey
T e ]z::l /0 /QJ+1 /R<J+1)d M(v) (£r)j + ue(r;, 7)) Ge - Ov; pdvdrdr | =0

Vo€ L2(0, Ty Wl (277 x RUFDD) w2 (@74 x RUFD)) 5> (J + Dd + 1.

Furthermore 9.(-,-,0) = 2o(+, -),

M@E(r,v,t)drdv:/ M go(r,v)drdv =1 vt e (0,T].

/QJ+1><R(J+1)4 QJ+1xR(J+1)d
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In addition, o, satisfies the following energy inequality:

2 J+1

) dvdr + = B \/0e |2 dvdrd
/§2J+1/1R(J+1)d v) F(ee (1) dv r+ Z/ /QJ+1/R(J+1)d M(v)|0v; V2 |” dvdrdr

gc[u/ [y M@ F @) dvar] .
QJ+1 JR(I+1)d

where C' = O(HUOle_%‘”(Q)’ Hb”Loo(O’T;Loo(Q))), g = min(&,z) > d, 6:=2+ %
and z = d + 9 for some ¥ € (0,1); C is independent of € > 0.
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In addition, o, satisfies the following energy inequality:

9 J+1
) dodr + = 9y \/8e |? dvdrd
/QJ-H /]R(JJrl)d v) F(ee (1) dv r—i— Z/ /QJ+1 /]R(JJrl)d M(v) |8v; v/ @e |7 dvdrdr

gc[u/ [y M@ F @) dvar] .
QJ+1 JR(I+1)d

where C' = C(Huonl_%‘”(Q)’ Hb”Loo(O’T;Loo(Q))), g = min(&,z) > d, 6:=2+ %
and z = d + 9 for some ¥ € (0,1); C is independent of € > 0.

Hence,
(F(2-))e>0 is bounded in L>°(0,T; L}, (Q7+! x RU+14)),

(Vo 0-)es0 is bounded in L2(0,T; L3,(Q/*! x RU+D)),
(M 0;0-)->0 is bounded in L2(0,T; (W*2(Q7+! x RU+DAYYY,

fors > (J+1)d+1.



STEP 10.
2= — 0(0) weakly in LP(0,T; L1, (71 x RUTDL))  vp € [1, 00),

M 0= — M d:9(g) weakly in L2(0,T; (W2(Q/+1 x RUADAN - s> (J+ 1)d + 1,
v; 0= — v; 0(0) weakly in L2(0,T; L1, (Q7+ x RUTDA)) 5 =1, J+1.
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STEP 10.

- — 2(0) weakly in LP(0,T; L1, (71 x RUTDL))  vp € [1, 00),
M 0= — M d:9(g) weakly in L2(0,T; (W2(Q/+1 x RUADAN - s> (J+ 1)d + 1,
v; 8 — v; 0(0) weakly in L2(0,T; L1, (Q7+ x RUTDA)) 5 =1, J+1.
Also, because
[uellz0mwre @pawrzomw-1e@) < CL+ [luolly a2 )
with ¢ > d, whereby
ue — uggy weakly in L2(0, T; W2 (Q)) N WH2(0,T; W17 (),

us — Uy strongly in L?(0,T;C% ()% as e — 04, 0<y<1l— g.
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STEP 11.

Furthermore,

J+1

T
§ / / / M (v) |8y, +/0(0) |* dvdrdr <O0.
i=1 0 QJ+1 JR(I+1)d
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STEP 11.

Furthermore,

J+1

T
> / / / M (v) |8y, +/0(0) |* dvdrdr <O0.
=1 0 QJ+1 JR(I+1)d

0(0y (1, v,t) = n(r,t) ae. in Q7 x RUAD 5 (0, T)
with n € L>(0,T; L*(2711)) to be determined.

Hence,
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STEP 11.

Furthermore,

J+1

T
> / / / M (v) |8y, +/0(0) |* dvdrdr <O0.
=1 0 QJ+1 JR(I+1)d

0(0y (1, v,t) = n(r,t) ae. in Q7 x RUAD 5 (0, T)
with n € L>(0,T; L*(2711)) to be determined.

Hence,

Thus, we have proved equilibration in momentum space:

0(0) (T7 v, t) = M(’U) @(0) (7’, ’U,t) = M(U) 77(7”7 t)a
with € L*(0,T; L' (©27+1)), to be determined.



STEP 11.

Furthermore,

J+1

T
> / / / M (v) |8y, +/0(0) |* dvdrdr <O0.
=1 0 QJ+1 JR(J+1)d

0(0y (1, v,t) = n(r,t) ae. in Q7 x RUAD 5 (0, T)
with n € L>(0,T; L*(2711)) to be determined.

Hence,

Thus, we have proved equilibration in momentum space:

0(0) (7’, ”U,t) = M(’U) @(0) (7’, 'U,t) = M(U) 77(7”7 t)a
with € L*(0,T; L' (©27+1)), to be determined.

@ J. Schieber & H. C. (5ttinger, The effects of bead inertia on the Rouse model.

J. Chem. Phys. 89, no. 11, (1988).
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STEP 12.
The small-mass limit of the coupled Oseen—Fokker—Planck system satisfies

Aoy + (b- V)uy — pluy + V) =V - K for (z,t) €  x (0,7,
V- upy =0 for (z,t) € Q x (0,71,
uy(z,t) =0 for (z,t) € 9Q x (0,77,
U0y (,0) = uo(x) for x € Q

)

with K (o) to be identified.
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The identification of Ko (via the DIV-CURL Lemma) is (again) technical:

fDJ F(g;) ®qj)n B(q,x),t)dq
fDJ 77( )7t) dq

Ky (z,t) := for (z,t) € Q x (0,77,

where B(z,q) =,
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The identification of Ko (via the DIV-CURL Lemma) is (again) technical:

fDJ F(g;) ®qj)n B(q,x),t)dq
fDJ 77( )7t) dq

Ky (z,t) := for (z,t) € Q x (0,77,

where B(z,q) =, and n > 0, with [, n(r,t)dr =1 for all t € [0, T], solves

J+1 J+1

atn+ZarJ ( ); + oy (rj, - ) 5283] —0 in Q7+ x (0,7,

zero-flux boundary condition on

0 — & 1 1,07+, :
n(-,0) = 0o € L log L' (2" ;R>0) +{aQ(J)X(O,T]forjzlwu’(]_’_l.
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STEP 13.
Change variables in FP from r € Q71 to (z,q) € Q x D’.
Hence, v(z,q,t) :== n(B(q,z),t) = n(r,t) solves on Q x D x [0,T):

J

Ot + Va - (woy$) + Y 8, - (Vati0))g;9)

Jj=1

5 i )] - =

dog=1
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STEP 13.
Change variables in FP from r € Q71 to (z,q) € Q x D’.
Hence, v(z,q,t) :== n(B(q,z),t) = n(r,t) solves on Q x D x [0,T):

J
Op+ Vo - (uoy$) + Y 8g; - (Vatio))g;¥)
j=1
¥ B 3
7'828%'{ ij M(q) O, (W)}*mﬁaﬂﬁ—(),

1,j=1

with the initial condition ¥(z, q,0) = ¢o(x, q) := 00(B(q,z)) and zero flux
boundary conditions, where

M(q) := (278) 27 exp (~|q*/28), qe D’.

@ A. W. El-Kareh and L. G. Leal, Existence of solutions for all Deborah numbers for a non-Newtonian model modified to include diffusion
J. Non-Newtonian Fluid Mech., 33 (1989), pp. 257287.
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Note:
If the initial datum 1) is such that, for some constant n > 0,

/ ; Yo(z,q)dg=n""  forae z€Q,
D

then it follows that
[ nBa.0di= [ slatdg=n forae (@) 0x 1]
DY DY
so the original expression for K g simplifies to the Kramers' expression:

J
Ko@t)=n [ S (Flg)®5)blwa0.6d.

gl

The number n > 0 is called the polymer number density per unit volume.

B J W Barrett and E Siili. Existence and equilibration of global weak solutions to kinetic models for dilute polymers I: finitely extensible nonlinear
bead-spring chains. M3AS 21 (6), 1211-1289, 2011. DOI: 10.1142/50218202511005313.

ﬁ M Dostalik, J Malek, V Pru%a, and E Siili. A simple approach to thermodynamically consistent modelling of non-isothermal flows of dilute
compressible polymeric fluids. Fluids 2020, Volume 5, Issue 3, 29 pp.; DOI:10.3390/fluids5030133.

ﬁ E. Siili and G. Yahiaoui.

McKean-Vlasov diffusion and the well-posedness of the Hookean bead-spring-chain model for dilute polymeric fluid: small-mass limit and

equilibration in momentum space. arXiv.
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