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Markov decision problems

I Reinforcement learning (RL), online decision making

I Game playing: AlphaGo, AlphaZero

I Robotics

I Science: AlphaFold

This talk: optimization formulations and algorithms



MDP

Consider a Markov decision process (MDP) M = (S,A, P, r, γ)

I S: state space

I A: action space

I P : transition tensor, P ast probability from s to t under action a

I r: reward, ras reward at s under action a

Policy π

I πas : probability of taking action a at state s

I
∑
a∈A π

a
s = 1

Under a fixed π, the behavior follows Pπ and rπ

Pπst =
∑
a∈A

P astπ
a
s , rπs =

∑
a∈A

rasπ
a
s

The value function vπs ≡ E
[∑∞

m=0 γ
mramsm |s0 = s

]
where

I (s0, a0, s1, a1, s2, a2, . . .), am ∼ πAsm , sm+1 ∼ P amsm,S
vπ ∈ R|S| satisfies

vπ = rπ + γPπvπ

Goal: maximize the value function!



Content

Optimization formulations

I Primal: value (policy) iteration

I Primal-dual: actor-critic

I Dual: policy gradient

New optimization algorithms

I Quasi-Newton policy gradient (for dual form)

I Accelerated primal-dual algorithm (for primal-dual form)



Background: linear programming forms

Primal (e positive)
min

v:b−Av≤0
eTv

Primal dual
min
v

max
u≥0

eTv + uT(b−Av)

(by minimax theorem)

max
u≥0

min
v
eTv + uT(b−Av)

Dual
max

u≥0,ATu=e
bTu



Background: entropy regularized version

(Genearalized) Shannon entropy, convex

h(u) =
∑
i

ui log
ui∑
j uj

=
∑
i

ui log ui −

(∑
i

ui

)
log

(∑
i

ui

)

Primal dual

min
v

max
u>0

eTv + uT(b−Av)− h(u)

max
u>0

min
v
eTv + uT(b−Av)− h(u)

Primal
min

1T exp(b−Av)≤1
eTv

Dual
max
ATu=e

bTu− h(u)



Going back to MDP



Non-regularized MDP

Primal

min
v

∑
s∈S

esvs, s.t. ∀a, s, ras −

(
vs − γ

∑
t∈S

P astvt

)
≤ 0

Primal-dual (uas Lagrange multipilers)

min
vs

max
ua
s≥0

∑
s∈S

esvs +
∑
s,a

(ras + γ
∑
t∈S

P astvt − vs)uas

min
v

max
ua≥0

eTv +
∑
a∈A

(ua)T(ra + γP av − v)

Dual
max
ua≥0

∑
a∈A

(ra)Tua, s.t.
∑
a∈A

(I − γ(P a)T)ua = e



Connections with RL algorithms
Primal:

min
v

∑
s∈S

esvs, s.t. ∀a, s, ras −

(
vs − γ

∑
t∈S

P astvt

)
≤ 0

I KKT condition is equivalent to Bellman equation

ras + γ
∑
t∈S

P astv
∗
t ≤ v∗s , for ∀s, a

∑
a∈A

(uas − γ
∑
t∈S

P atsu
a
t ) = es, for ∀s

uas(r
a
s + γ

∑
t∈S

P astv
∗
t − v∗s ) = 0 for ∀s, a

⇔ v∗s = max
a∈A

(
ras + γ

∑
t∈S

P astv
∗
t

)

I Algorithm: value/policy iteration

Dual:
max
ua≥0

∑
a∈A

(ra)Tua, s.t.
∑
a∈A

(I − γ(P a)T)ua = e

I Let uas = wsπ
a
s . Then (I − γ(Pπ)T)w = e,

∑
a∈A(r

a)Tua = (rπ)Twπ

max
π

eT(I − γPπ)−1rπ

I Algorithm: policy gradient



Entropy regularized MDP

h(us) =
∑
a∈A

uas log
uas∑
b∈A u

b
s

Primal-dual

min
vs

sup
ua
s>0

∑
s∈S

esvs +
∑
s,a

(
ras + γ

∑
t∈S

P astvt − vs

)
uas − τ

∑
s∈S

h(us)

Primal

min
vs

eTv, s.t. ∀s, vs ≥ τ log

(∑
a∈A

exp

(
ras + γ

∑
t∈S P

a
stvt

τ

))

Dual
sup
ua>0

∑
a∈A

(ra)Tua −
∑
s∈S

h(us), s.t.
∑
a∈A

(I − γ(P a)T)ua = e



Connections with RL algorithms

Primal

min
vs

eTv, s.t. ∀s, vs ≥ τ log

(∑
a∈A

exp

(
ras + γ

∑
t∈S P

a
stvt

τ

))

I KKT condition is equivalent to Bellman equation

v∗s = τ log

(∑
a∈A

exp

(
ras + γ

∑
t∈S P

a
stv
∗
t

τ

))
I Algorithm: value/policy iteration

Dual
sup
ua>0

∑
a∈A

(ra)Tua −
∑
s∈S

h(us), s.t.
∑
a∈A

(I − γ(P a)T)ua = e

I Let uas = wsπ
a
s . Then (I − γ(Pπ)T)w = e

∑
a∈A(r

a)Tua = (rπ)Twπ

max
π

eT(I − γPπ)−1(rπ − τhπ)

where hπs =
∑
a∈A π

a
s log π

a
s

I Algorithm: policy gradient



Content

Optimization formulations

I Primal: value (policy) iteration

I Primal-dual: actor-critic

I Dual: policy gradient

New optimization algorithms

I 1. Quasi-Newton policy gradient (for dual form)

I 2. Accelerated natural gradient ascent descent (for primal-dual form)



New algorithm 1

max
π

eT(I − γPπ)−1(rπ − τhπ)

Consider gradient-type dynamics

I 1st order gradient descent: slow

I 2nd order Newton method: Hessian too expensive to estimate

Our contribution: quasi-Newton

I Diagonal approximation of Hessian

I As cheap as a 1st-order method

I Converges like 2nd-order methods: super exponential convergence



Hessian approximation
Gradient

∂E

∂πas
= (ras − τ(log πas + 1)− [(I − γP a)vπ]s + cs)(w

π)s,

Hessian
∂2E

∂πas∂π
b
t

= Hab
st + remainder

Theorem
For the choice

Hab
st (π) = −τδabst

(wπ)s
πas

,

‖∂2E(π)−H(π)‖ = O(‖π − π∗‖), π∗exact soln

Preconditioned gradient descent

dπas
dt

= −(H−1∇πE)as = πas (r
a
s − τ(log πas + 1)− [(I − γP a)vπ]s + cs)/τ.

In terms of θas = log πas

dθas
dt

= (ras − τ(θas + 1)− [(I − γP a)vπ]s + cs)/τ.



Quasi-Newton algorithm

dθas
dt

= (ras − τ(θas + 1)− [(I − γP a)vπ]s + cs)/τ.

Taking explicit Euler with step size η

θas ← η(ras − τ − [(I − γP a)vπ]s + cs)/τ + (1− η)θas

Back in terms of π

πas ← (πas )
1−η exp(η(ras + (γP avπ)s)/τ)

When η = 1
πas ← exp((ras + (γP avπ)s)/τ)

and this is entropy regularized natural policy gradient method



Super exponential convergence

Theorem
With step size η = 1, ∥∥∥π(k+1) − π∗

∥∥∥ ≤ C∥∥∥πk − π∗∥∥∥2,

Our approach generalizes to entropies of form

(hπ)s =
∑
a

φ

(
πas
γa

)
γa,

where

I φ is convex on (0,+∞) and φ(1) = 0,

I γ is a prior distribution over A.

Examples

I φ(x) = x log x, KL-divergence

I Reverse KL-divergence

I Hellinger divergences



Example 1

Relative policy error loglog KL

loglog rKL loglog Hellinger

Green line slope = log 2 (Netwon quadratic convergence)



Example 2

Relative policy error loglog KL

loglog rKL loglog Hellinger

Green line slope = log 2 (Newton quadratic convergence)



New algorithm 2

min
v

max
u

∑
s∈S

esvs +
∑

s∈S,a∈A

uas(r
a
s − ((I − γP a)v)s)− τ

∑
s∈S,a∈A

uas log(u
a
s/ũs)

where ũs :=
∑
a∈A u

a
s . By introducing Ka = I − γP a, in short

min
v

max
u

∑
s

esvs +
a∑
s

uas(r
a
s − (Kav)s)− τ

∑
sa

uas log(u
a
s/ũs).

Consider 1st order methods

I Simple gradient descent (GD) in v and gradient ascent (GA) in u fail to
converge due to lack of strict convexity/concavity

I Example: minvmaxu v · u⇒

{
dv
dt

= −u
du
dt

= v

I Improved versions gives 1/T c convergence

Our contribution

I Quadratically convexified in v

I Improved preconditioning in u

I Fast exponential convergence



Quadratic convexification

Main idea in the primal form

For primal-dual, the following are equivalent

min
v

max
u

E0(v, u) =
∑
s

esvs +
∑
sa

uas

(
ras −

∑
s′

Ka
ss′vs′

)
− τ

∑
sa

uas log
uas
ũs

min
v

max
u

E(v, u) =
α

2

∑
s

v2s +
∑
sa

uas

(
ras −

∑
s′

Ka
ss′vs′

)
− τ

∑
sa

uas log
uas
ũs

E(v, u) is quadratically convexified in v



Natural GAD

For E(v, u), apply natural GAD

∂E

∂vs′
= αvs′ −

∑
sa

Ka
ss′u

a
s ,

∂E

∂uas
=

(
ras −

∑
s′

Ka
ss′vs′

)
− τ log u

a
s

ũs

∂2E

∂vs∂vs′
= αδss′ ,

∂2E

∂uas∂u
a′
s′

= −τδss′
(
δaa

′

uas
− 1

ũs

)
≈ −τδss′

δaa
′

uas

Natural GAD (NGAD)

dvs′

dt
= −

(
vs′ −

1

α

∑
sa

Ka
ss′u

a
s

)
duas
dt

= −uas

(
log

uas
ũs
− 1

τ

(
ras −

∑
s′

Ka
ss′vs′

))



Convergence

Let (v∗, u∗) be the exact solution.

Theorem

L(v, u) =
α

2

∑
s∈S

|vs − v∗s |2 + τ
∑

s∈S,a∈A

(
u∗as log

u∗as
uas

+ uas − u∗as
)

is a Lyapunov function of the NGAD dynamics

Theorem
The NGAD dynamics converges globally to (v∗, u∗).

Theorem
The NGAD dynamics converges to (v∗, u∗) at rate O(e−ct).

Q: In practice, the convergence is still slow. Can this be improved?



Another look at the Hessian

∂2E

∂u2
=

H1

. . .

H|S|

 , Hs = diag
(
(us·)

−1)− 1

ũs
1|A|1

T
|A|, s ∈ S.

Natural grad: ∂2E
∂u2 ≈

diag
(
(u1·)

−1
)

. . .

diag
(
(u|S|·)

−1
)
 with inverse

diag(u1·)
. . .

diag(u|S|·)

 ≡
ũ1(diag(π1·))

. . .

ũ|S|(diag(π|S|·))


But the pseudo-inverse of ∂2E

∂u2 isũ1(diag(π1·)− π1·π
T
1·)

. . .

ũ|S|(diag(π|S|·)− π|S|·πT
|S|·).





Interpolate

An interpolation of the two givesũ1(diag(π1·)− cπ1·π
T
1·)

. . .

ũ|S|(diag(π|S|·)− cπ|S|·πT
|S|·)


where c ∈ (0, 1)

This gives interpolated NGAD (I-NGAD)

dvs′

dt
= −

(
vs′ −

1

α

∑
sa

Ka
ss′u

a
s

)
du·s
dt

= −ũs
(
diag(π·s)− cπ·s(π·s)T

)(
log

u·s
ũs
− 1

τ

(
r·s −

∑
s′

K·ss′vs′

))



Convergence

Let (v∗, u∗) be the exact solution.

Theorem

Lc(v, u) =
α

2

∑
s

|vs − v∗s |2+

τ

(∑
sa

(
u∗as log

u∗as
uas

+ uas − u∗as
)
+

c

1− c
∑
s

(
ũ∗s log

ũ∗s
ũs

+ ũs − ũ∗s
))

is a Lyapunov function of the I-NGAD dynamics

Theorem
The I-NGAD dynamics converges globally to (v∗, u∗).

Theorem
The I-NGAD dynamics converges to (v∗, u∗) at rate O(e−ct).

In practice, the convergence is FAST



Example 1 (no noise)

NGAD: Errors NGAD: Lyapunov function

I-NGAD: Errors I-NGAD: Lyapunov function



Example 2 (Gaussian noise)

NGAD converges slowly. I-NGAD works well (σ noise level)

I-NGAD: Errors (σ = 0.1) I-NGAD: Lyapunov function (σ = 0.1)

I-NGAD: Errors (σ = 0.2) I-NGAD: Lyapunov function (σ = 0.2)



Example 3 (Sampling noise)

NGAD fails to converge. I-NGAD works well

I-NGAD: Errors I-NGAD: Lyapunov function



Summary

Linear/convex programming formulations for MDP

I Non-regularized and entropy-regularized

I Primal form, Bellman equation, value (policy) iteration

I Primal-dual form (actor-critic algorithms)

I Dual, policy gradient

New algorithms

I Quasi-Newton policy gradient algorithm, dual form, super exponential
convergence

I Interpolated natural gradient ascent descent (I-NGAD), primal-dual form,
exponential convergence



Thank you
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