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Markov decision problems

Agent

| State || Reward | @@

Environment [«—

> Reinforcement learning (RL), online decision making

\4

Game playing: AlphaGo, AlphaZero

v

Robotics
Science: AlphaFold

This talk: optimization formulations and algorithms

v



MDP
Consider a Markov decision process (MDP) M = (S, A, P,r,7)

> S: state space
» A: action space
» P: transition tensor, Pg; probability from s to ¢ under action a
> 7: reward, 7 reward at s under action a
Policy 7
» 7o probability of taking action a at state s
a __
> ZaeA Ts = 1
Under a fixed 7, the behavior follows P™ and r™
a a s a a
st = E Pstﬂ—sv Ts = TsTs
acA acA
. T — oo —
The value function v = E [>°°_ ™ rém|so = s| where
A
> (50,00,51,01,82,02,...), Gm ~ Tg ,Smt1 ~ PS;K

v™ € RI®! satisfies
vTr _ r7r + "YPW’UW

Goal: maximize the value function!



Content

Optimization formulations
» Primal: value (policy) iteration
» Primal-dual: actor-critic
» Dual: policy gradient
New optimization algorithms
» Quasi-Newton policy gradient (for dual form)

> Accelerated primal-dual algorithm (for primal-dual form)



Background: linear programming forms

Primal (e positive)
. T
min e v
v:b—Av<0
Primal dual

minmaxe'v+ u' (b— Av)
v ou>

(by minimax theorem)

T T
maxmine v+ u (b — Av)
u>0 v

Dual

-
max b u
u>0,ATu=e



Background: entropy regularized version

(Genearalized) Shannon entropy, convex

h(u) = Zul log Zuluj _ Zui logu; — (Z ui) log <Z ui>

Primal dual
: T T

minmaxe v +u (b— Av) — h(u)

max mine v+ u' (b— Av) — h(u)

u> v
Primal

. T
min ewv
1T exp(b—Av)<1

Dual

max b'u — h(u)
Alu=e



Going back to MDP

U2

v=ri+yY Plo, wv=ri+7Y Piu
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Non-regularized MDP

RURSO YIRS
y .

a= Y P

Primal

rnvin Zesvs, s.t. Ya,s, re — ( 'yZPtUt>

sesS tes
Primal-dual (u$ Lagrange multipilers)

min max esVs + E re + E Plvy —vs)u

vs u2>0
=" ses tes
. T a\T/ a a
min max e v+ (u®)" (r* +~yP% —v)
v ur>0
acA

Dual
max (r*)u®, s.t. Z(I — (P =

u?>0
~  a€A acA

<0



Connections with RL algorithms
Primal:

mvin Zesvs, s.t. Va,s, re — <vs —’yZPftvt> <0

seS tes

» KKT condition is equivalent to Bellman equation

TS""YZRiU:SU:, for Vs, a

tesS

a a ay\ __
Z(Us_wzptsut)—e& for Vs <:>v:=max ’r’g—l—fyZP;;v:‘
ac€A tes acA Py
a(.a a *
uS(TS—’_’YZPstUt_US):O for Vs, a

tesS

> Algorithm: value/policy iteration
Dual:
a\T a a\Ty\ a __
max (r*) u?, s.t. Z(I—W(P ) Ju® =e
~  a€A acA
> Let u? = wsn?. Then (I —y(P™)Nw = e, EQGA(T")Tu“ = (™) Tw"
maxe' (I —yP™) 'r"

> Algorithm: policy gradient



Entropy regularized MDP

1
Zus BT 0 EbeAus

a€EA
Primal-dual
min sup Zesvs +Z (Ts +'YZPSt'Ut ) ug —Tzh(us)
Vs 42>0 ses tes seS
Primal

Ty + Piv
min e'v, s.t. Vs,vs > 7log (Z exp ( Y ies it t)
Vg T

acA

Dual



Connections with RL algorithms

Primal

re + Pgv
min eTv, s.t. Vs,vs > 7log <Z exp ( VZteS i t))
-

Vs
N acA

» KKT condition is equivalent to Bellman equation

re + Pgof
vzzrlog(Zexp( 'YZTteS t t>>

acA

» Algorithm: value/policy iteration
Dual
sup Z(T”)Tua - Zh(us)7 s.t. Z([ — (P =e

w>0 e seS a€A
> Let u? = wen?. Then (I —y(P™)Nw =e EaeA(ra)Tu“ = (™) Tw"

maxe' (I —~vP™) "' (r™ — 7h")

where h{ =37 -,

> Algorithm: policy gradient

g log g



Content

Optimization formulations
» Primal: value (policy) iteration
» Primal-dual: actor-critic
» Dual: policy gradient
New optimization algorithms
» 1. Quasi-Newton policy gradient (for dual form)

> 2. Accelerated natural gradient ascent descent (for primal-dual form)



New algorithm 1

maxe' (I —yP™) ' (r™ —7h™)

Consider gradient-type dynamics

> 1st order gradient descent: slow

» 2nd order Newton method: Hessian too expensive to estimate
Our contribution: quasi-Newton

» Diagonal approximation of Hessian

> As cheap as a 1st-order method

» Converges like 2nd-order methods: super exponential convergence



Hessian approximation

Gradient
OF a a ay T n
= = (18— rllogmt +1) = [(T = 7P*)"], + e) (™).,
Hessian
827E = H% + remainder
omedrt — T
Theorem
For the choice
1 () = oty o)

|6°E(r) — H(n)|| = O(||x — *||), 7"exact soln

Preconditioned gradient descent

e = (HTIVLE)S = w22 — rllogmE + 1) — [(T — /Py + )/
In terms of 0 = log 7wy

= (ri =702 + 1) = [(1 =y P)W"]s + ) /7.



Quasi-Newton algorithm

deg
dt
Taking explicit Euler with step size n

= (rs =7(0s + 1) = [(I =vP")0"]s +¢5) /7.

05 < n(rs —7—[(I —yP*)W"]s + ¢s) /T + (1 — )05
Back in terms of 7
e« (72) " exp(n(re + (vP v"),)/7)

When n =1
s < exp((rs + (vP*0")s)/7)

and this is entropy regularized natural policy gradient method



Super exponential convergence

Theorem
With step sizen =1,

-

Our approach generalizes to entropies of form

S—Z¢( )va,

where
> ¢ is convex on (0, +o00) and ¢(1) =
> -y is a prior distribution over A.
Examples
> ¢(x) = zlogz, KL-divergence
> Reverse KL-divergence

> Hellinger divergences
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Example

relative change of policy

loglog error

1

o

7 =0.001

KL

—— reverse KL

—— Hellinger

—— a-divergence (a=-3)

—— GPMD

— PMD

10° 10t 10% 10° 10t 10°
iterations

Relative policy error
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—--- slope = log2

0 1 2 3 4 5
iterations
loglog rKL

loglog error

loglog error
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o

—— KL
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iterations
loglog KL
7 =0.001

—+— Hellinger
—-=- slope =log2

0 1 2 3 4 5
iterations

loglog Hellinger

Green line slope = log 2 (Netwon quadratic convergence)




Example

relative change of policy

loglog error
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Green line slope = log 2 (Newton quadratic convergence)




New algorithm 2

mmmaxZesvs—i— Z ug (re — (I —yP*)v)s) — 7 Z ug log(us /ts)

seSs s€ES,ac€A s€S,ac€A

where @5 := Y, ug. By introducing K* = I —yP*, in short

a
minmaxZesvs + Zuf(r? — (K%)s) — TZUZ log(ug /iis)-

Consider 1st order methods
» Simple gradient descent (GD) in v and gradient ascent (GA) in u fail to
converge due to lack of strict convexity/concavity
dv
=—u

du

a =V

» Example: min, max, v-u = {

> Improved versions gives 1/T°° convergence
Our contribution

» Quadratically convexified in v

» Improved preconditioning in u

> Fast exponential convergence



Quadratic convexification

Main idea in the primal form

For primal-dual, the following are equivalent

a

u
mlnmaxE‘o (v,u) E esvs + E uy (7‘: - E Kgslvs/> -7 E ug log ==
v u
s’ sa s

@ uy

. ¢ 2
minmax E(v,u) = — g vs + E ug [ rs — E Ky | —1 E ug log ==
v u 2 uS
s sa s’ sa

E(v,u) is quadratically convexified in v



Natural GAD

For E(v,u), apply natural GAD

OF
Gy, = AU E Kug,
S sa

OF u
Bus = (r? — Z/Kfslvs/> — 71log o

£

) 5
A . — (0ss/,
OvsO0vgy
82E 6(1,0,' 1 60.0,'
7 = _T(Sss’ — = | = _Tdss/
ougou?, ug Us ug

Natural GAD (NGAD)
doug 1 Z

S —_ , — = P:a , a
dt <US a Ss u5>

a a 1
d;: = —ul <log Z—S = <r‘; — ZK:S/’US/>>




Convergence

Let (v*,u") be the exact solution.

Theorem

Z|v57 Zyr Z (us logu*aJru‘;fus)

seS sES,acA Us

is a Lyapunov function of the NGAD dynamics

Theorem
The NGAD dynamics converges globally to (v*,u™).

Theorem
The NGAD dynamics converges to (v*,u*) at rate O(e™").

Q: In practice, the convergence is still slow. Can this be improved?



Another look at the Hessian

2 6!
0°FE . _ 1
EIE = , Hs = diag ((u&) 1) _II|A\ITA\7 seSs.
His)
diag ((u1.)™")
Natural grad: gQT};,: ~ with inverse
diag ((u|s‘.)71)
diag(u1.) w1 (diag(m1.))
diag(us).) s (diag(ms).))
But the pseudo-inverse of ?;T]’:’; is

@1 (diag(my.) — m1.m1.)

ﬁ‘5|(diag(7r‘5|.) — 7T|5‘.TI"TS|,),



Interpolate

An interpolation of the two gives

@1 (diag(my.) — emy.my.)

5| (diag(ms).) — cmis).ms).)
where ¢ € (0,1)

This gives interpolated NGAD (I-NGAD)
dv, 1

kil = — 5 — — Ka ’ e
o (- LR

dug

= —q, (diag(n;) - cw;(rr;)T) <lo Ys _ 2 ( ZK Vs ))




Convergence

Let (v*,u") be the exact solution.

Theorem

Le(w,u) = 5 Y [os = vl[*+

*

T(Z (u:alogljjg +u§—u:a> + 1ig¥(ﬂ:logzz+ﬂs—ﬂ:)>

sa

is a Lyapunov function of the I-NGAD dynamics

Theorem
The I-NGAD dynamics converges globally to (v*,u™).

Theorem
The I-NGAD dynamics converges to (v*,u*) at rate O(e™“").

In practice, the convergence is FAST



Example 1 (no noise)
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Example 2 (Gaussian noise)

NGAD converges slowly. I-NGAD works well (o noise level)
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Example 3 (Sampling noise)

NGAD fails to converge. I-NGAD works well
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Summary

Linear/convex programming formulations for MDP
> Non-regularized and entropy-regularized
» Primal form, Bellman equation, value (policy) iteration

» Primal-dual form (actor-critic algorithms)

v

Dual, policy gradient
New algorithms
» Quasi-Newton policy gradient algorithm, dual form, super exponential
convergence
> Interpolated natural gradient ascent descent (I-NGAD), primal-dual form,
exponential convergence



Thank you
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